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The problem:

T =T, w =0

T+v VT = kAT

V.-v=0

v(x,2,t) = ux + wz domain D = [0, L] x [0, h]

T
T:Tb, w =10

FIGURE 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

All the system variables are periodic in the x direction

Question:
what flow moves the most
heat from one wall to the other?



The problem:

T =T, w =0

T+v VT = kAT

h V-v=0

v(x,2,t) = ux + wz domain D = [0, L] x [0, h]

T
T:Tb, w =10

FIGURE 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

All the system variables are periodic in the x direction

nondimensionalize the system using the spacing between the walls h and time scale h?/k

and shift temperature scale and variable ...



The problem:

X



The problem:

0+v-VO=A0+w

V-v=0

X

We consider velocity fields that either have fixed mean squared speed

1
U2:—/ vl?dz dz
T DH

or fixed enstrophy density

1 1
92:—/ dexdz:—/ Vol|? dz dz
T D| | T D| |



The problem:

0+v-VO=A0+w

V-v=0

For the problem with fixed energy we define
Pe =Uh/k,
and for the problem with fixed enstrophy,
Pe = Qh?/k.
We also define the aspect ratio I’ as
I'=L/h.

X



The problem:

0+v-VO=A0+w

V-v=0

X

¢
<a>ztli>r£10% i {%/Da(x,z,s) dxdz}ds
Pe?= ([v]*) or Pe?={(|Vu|?)

Vertical current: J, =wl-K0,T



The problem:

0+v-VO=A0+w

V-v=0

X

1 [*f1
(a) = lim = {—/ a(r,z,s)dr dz} ds

Pe?=([v]*) or Pe? = (|Vof?)

. Zh
Nusselt number Nu = (vertical current) = < . >
K(Tpot—Ttop)



The problem:

0+v-VO0=A0+w

V-v=0

X

¢
<a>ztli>r£1o% i {%/Da(:c,z,s) dxdz}ds
Pe?= ([v]*) or Pe?={(|Vu|?)

Wall to wall transport: Nu =1+ (wT) =1+ (wb)



The problem:

0+v-VO0=A0+w

V-v=0

X

Nu =1+ (wT) =1+ (wb)
Nupmax(Pe, ') = sgp{Nu(’v)}
Nunax(Pe) = s%p{NumaX(Pe,F)}

Wall to wall optimal transport: Nunax(Pe) = Numax(Pe, Iopi(Pe))



Optimal transport with steady flow at fixed energy:

z

X

First: an a priori estimate ...



Optimal transport with steady flow at fixed energy:

z

X

the maximum principle assures 0 < T < 1so [T —1/2| < 1/2,

Nu =1+ (T) = L (T = 1/2)) < T (ul?) (T = 1/28)"

(lP)"* |, e

<1
L 2




Optimal transport with steady flow at fixed energy:

Calculus of variations ...



Optimal transport with steady flow at fixed energy:

F = <w6’—¢(az,z) (v-VO—-A0—w) +p(z,2) (V-v) - g (lvl” _P€2)>

Euler-Lagrange equations are

OF .
0=~-=0+¢)2+0V¢—Vp—puv,
0
025—'§:v-V¢+A¢+w,
OF
0—%——’U°V6)—I—A9—|—w,
0—5—]::V-v,
op
0= (ZL: = Pe” — (|v|?)



Optimal transport with steady flow at fixed energy:

As u decreases and Pe increases ...

_J<¢7¢)+A¢_¢x =0
—J(¢,0) — A0+, =0

-0.2r|

-0.3

-0.4r|
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35 0.5
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FIGURE 4. Evolution of the flow fields with Pe for the case with I" = 1. Panels on the left show
1 and panels on the right show 6. (a) and (b) Pe = 10.0, Numax = 2.4; gc) and (d) Pe = 59.4,
Numax = 9.7; (e) and (f) Pe = 161.3, Numax = 20.7. The resolution is 61°.

Defining the stream function ¢ by u = 0¢/0z and w = —9y/dx

_ Oa Ob Oa 0Ob
Where J(a,b) = 9: 82 020z



Optimal transport with steady flow at fixed energy:

10" ¢

4”’

10° , NU/MAX ~ 1 + 0.1875 Pe 0
Tope & 3.8476 Pe™'/?

-
¢”
»
-
-

Nu—1

FIGURE 5. The numerically obtained Numax as a function of Pe for various values of I" (non-black
lines). The labels show (I",m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Numax (2.31) in the small-Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained Numax (2.93). The thin black dashed line indicates the Pe?/? slope. Cases with I" > 1
or m > 1 (green lines) do not produce Nuyax. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible difference.



Rayleigh-Bénard convection in a porous medium:

V.v=0
¢ )
o 0 1 v=—-Vp+ RaTz,
xx‘?’o% N .
ng‘o T+v.-VT = AT,

X



Rayleigh-Bénard convection in a porous medium:

z

V.v=0,
1 v=-Vp+ RaTz,
T+v-VT =AT,

X

J, 1s a result of buoyancy



Not to be confused with Jay-Z and Beyonce:

"o




Rayleigh-Bénard convection in a porous medium:

z

V.v=0,
1 v=-Vp+ RaTz,
T+v-VT =AT,

X

(|v]*) = Ra (wT)

J, is a résult’of'buidoyancy

3
Nupax(Ra, I') = 1 + % Ral/Q,

Nupax(Ra) =14 0.0352 Ra,
Topt = 8.89 Ra™'/2,



Rayleigh-Bénard convection in a porous medium:

z

V.v=0,
1 v=-Vp+ RaT%,
T+v-VT = AT,

X

<|’U|2> = Ra (wT)

ady Pe* = Ra (Nu — 1)
e
haﬂ 'Xa \/57_[ 1/2
reé \ O‘ft A Nupax(Ra, I') = 1 + Al Ra'/?,
pransty oW ]
axCy 7 o\ Nuniax (Ra) =1+ 0.0352 Ra,
v a\\O‘N Tpe = 8.89 Pa—1/2.



Rayleigh-Bénard convection in a porous medium:

week ending
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Rayleigh-Bénard convection in a porous medium:

week ending
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Rayleigh-Bénard convection in a porous medium:

week ending
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Rayleigh-Bénard convection in a porous medium:

week ending
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~. Natural convection can realize Nu ~ Nu,,x ~ Ra.



Optimal transport with steady flow at fixed enstrophy:

vV =A0+ w,
V.v=0,

1 Pe” = (|Vv|*),
6(x,0) =60(x,1) =0,

w(x,0) = w(x,1) =0.

X

Maximum principle & Cauchy-Schwarz yields Nu,,x < cPe

... but the ‘background method’ yields Nu,,x < c Pe??
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An Optimal Control Approach to Bounding Transport
Properties of Thermal Convection
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Figure 4.2: Optimal stress-free solutions for different enstrophy budgets in the full domain.
The black contour lines are the streamlines and the colors represent the temperature field.
From left to right, top to bottom the Péclet numbers are 4.0 x 1071, 5.0x 10%, 1.6 x 103, 3.2 x
103,8.0 x 103, 1.2 x 10*. The best known optimizers consist of a multiplicity of convection
cells for a fixed domain size as the enstrophy budget increases.



An Optimal Control Approach to Bounding Transport
Properties of Thermal Convection
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Figure 4.4: Optimal stress-free solutions for different enstrophy budgets in a single cell.
The black contour lines are the streamlines and the colors represent the temperature field.
From left to right, top to bottom the Péclet numbers are 4.0 x 1071, 4.0x 10°, 4.0 x 101, 4.0 x

102%,4.0 x 103, 4.0 x 10*. The domain size in the horizontal = direction shrinks as the Péclet
number increases.



An Optimal Control Approach to Bounding Transport
Properties of Thermal Convection
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Figure 4.6: Computed optimal Nusselt number (Nu) and aspect ratio (I') as a function of
the enstrophy budget (Pe), for stress-free boundary conditions.



week ending
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week ending

PRL 118, 264502 (2017) PHYSICAL REVIEW LETTERS 30 JUNE 2017

Optimal Wall-to-Wall Transport by Incompressible Flows
Nu(u) — 1= r|nin (Vn1?) + {(IVA™ (—w +u-Vn)[*)
n:nlaa=0

= Joax 2 (wg) — (IVA™ u - vE)?) — (IVE)?)

~ Nu = max 1
MAX na:



week ending

PRL 118, 264502 (2017) PHYSICAL REVIEW LETTERS 30 JUNE 2017

Optimal Wall-to-Wall Transport by Incompressible Flows

Theorem: there exist incompressible steady 2D flows u,, with
(|Vud,|) < Pe?

and

P€2/3
(log Pe)*/3

Nu(upe) - 1>

(Recall: Ny, < cPe?3)
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Rayleigh-Bénard convection:

z

‘[ T=T, 0=0 w=0

A

V-.v=0, d
oc"weoﬁ T v Vp+ Av+ RaT3 ‘)2&‘%“
R I R A

o T+v.-VT = AT,

T
T="T,, 6 =0, w=0



Rayleigh-Bénard convection:

z

‘[ T=T, 0=0 w=0

A

V.v=0,
1
1 P—(1}+U-Vv):—Vp+Av+RaT2,
r

T+v-VT = AT,

T=T,, 6 =0, w=0
(IVv|*) =Ra (wT)
Pe® = Ra (Nu — 1)

c Pe?3/(log Pe)*® < Nuy. < c¢'Pe??

X



Rayleigh-Bénard convection:

z

‘[ T=T, 0=0 w=0

A

l.e.,

V-v
L totv-vo)
Pr

T+v-VT

=0,

=—-Vp+Av+ RaTz,

— AT,

T="T,, 6 =0, w=0

(IVv|*) =Ra (wT)

Pe® = Ra (Nu — 1)

Ral/?
<
1 logRa)? =

Nu'MAX < Co Ra

1/2

X



Rayleigh-Bénard convection:

week ending

PRL 106, 244501 (2011) PHYSICAL REVIEW LETTERS 17 JUNE 2011

Ultimate State of Two-Dimensional Rayleigh-Bénard Convection between
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57/12 3 33/4

1
Theorem: Nu = Ra%/12 — — < 0.2891Ra%/12
213/3 4




Rayleigh-Bénard convection:

z

‘[ T=T, 0=0 w=0

4

3

1 . e
o (b+v-Vv)=-Vp+Av+ RaTz, g\‘a‘{q’x‘b

T+v-VT =AT,

T
T="T,, 6 =0, w=0

Can natural convection realize Nu ~ Nu,,,x ~RaY? (mod logs) ?

5<6
12 12

1
2

- NOT GENERALLY!
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