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The calculus of variations is employed to find steady divergence-free velocity fields that
maximize transport of a passive tracer between two parallel walls of fixed concentration
for one of these two constraints on flow strength: a fixed value of the kinetic energy or
a fixed value of the enstrophy. The optimizing flows consist of an array of (convection)
cells of a particular aspect ratio � . We solve the nonlinear Euler-Lagrange equations
analytically for weak flows and numerically (and via matched asymptotic analysis in the
fixed energy case) for strong flows. We report the results in terms of the Nusselt number
Nu, a dimensionless measure of the tracer transport, as a function of the Péclect number
Pe, a dimensionless measure of the energy or enstrophy in the flow. For both constraints
the maximum transportNu

MAX

(Pe) is realized in cells of decreasing aspect ratio �
opt

(Pe)

as Pe increases. For the fixed energy problem, Nu
MAX

⇠ Pe and �
opt

⇠ Pe�1/2 while

when the enstrophy is fixed, Nu
MAX

⇠ Pe10/17 and �
opt

⇠ Pe�0.36. We also consider the
buoyancy-driven Rayleigh-Bénard convection problems that satisfy related flow intensity
constraints to investigate how the transport scalings compare with upper bounds on Nu in
terms of the Rayleigh number Ra. For steady convection in porous media, corresponding
to the fixed energy problem, we find Nu

MAX

⇠ Ra and �
opt

⇠ Ra�1/2 while for steady
convection in a fluid layer, corresponding to fixed enstrophy transport between free-slip
isothermal walls, Nu

MAX

⇠ Ra5/12 and �
opt

⇠ Ra�1/4.

Key words:

1. Introduction

Transport and mixing are crucial processes in science and engineering. In some applica-
tions, e.g., cooling or heating, the aim is to maximize transport of an advected quantity.
In other problems, such as pollutant spills, the goal may be to move a quantity from
one point in space to another as quickly as possible while minimizing mixing. For many
problems arising in natural flows, the focus is often on understanding the physical mech-
anisms of nonlinear transport or mixing processes and estimating their magnitude or
e�ciency as a function of initial and/or boundary conditions, source and sink distribu-
tions, and/or buoyancy or other body forces. Among the fundamental theoretical issues
these problems raise are those of optimal transport and optimal mixing by incompressible
fluid flows (see, for example, Shaw et al. (2007); Lin et al. (2011); Gubanov & Cortelezzi
(2012)).
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The calculus of variations is employed to find steady divergence-free velocity
fields that maximize transport of a tracer between two parallel walls held at fixed
concentration for one of two constraints on flow strength: a fixed value of the
kinetic energy (mean square velocity) or a fixed value of the enstrophy (mean square
vorticity). The optimizing flows consist of an array of (convection) cells of a particular
aspect ratio � . We solve the nonlinear Euler–Lagrange equations analytically for weak
flows and numerically – as well as via matched asymptotic analysis in the fixed energy
case – for strong flows. We report the results in terms of the Nusselt number Nu,
a dimensionless measure of the tracer transport, as a function of the Péclet number
Pe, a dimensionless measure of the strength of the flow. For both constraints, the
maximum transport NuMAX(Pe) is realized in cells of decreasing aspect ratio �opt(Pe)
as Pe increases. For the fixed energy problem, NuMAX ⇠ Pe and �opt ⇠ Pe�1/2, while
for the fixed enstrophy scenario, NuMAX ⇠ Pe10/17 and �opt ⇠ Pe�0.36. We interpret our
results in the context of buoyancy-driven Rayleigh–Bénard convection problems that
satisfy the flow intensity constraints, enabling us to investigate how the transport
scalings compare with upper bounds on Nu expressed as a function of the Rayleigh
number Ra. For steady convection in porous media, corresponding to the fixed energy
problem, we find NuMAX ⇠ Ra and �opt ⇠ Ra�1/2, while for steady convection in a
pure fluid layer between stress-free isothermal walls, corresponding to fixed enstrophy
transport, NuMAX ⇠ Ra5/12 and �opt ⇠ Ra�1/4.

Key words: Bénard convection, convection in porous media, variational methods

1. Introduction
Transport and mixing by incompressible flows are ubiquitous phenomena in science

and engineering. In some applications, e.g. cooling or heating, the aim may be to
maximize transport of an advected and diffused quantity. In other problems, such as
pollutant spills, the goal may be to move a substance from one location to another
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)

The problem:

2 P. Hassanzadeh, G. P. Chini and C. R. Doering

The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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what flow moves the most

heat from one wall to the other?
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)

The problem:
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restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed
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where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as
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In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)
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The problem:

2 P. Hassanzadeh, G. P. Chini and C. R. Doering

The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,
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The problem:

2 P. Hassanzadeh, G. P. Chini and C. R. Doering

The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed
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or fixed enstrophy density
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where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)
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The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
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section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including

Wall to Wall Optimal Transport 3

6

?

h

T = T

t

, ✓ = 0, w = 0

T = T

b

, ✓ = 0, w = 0

6

-

z

x

Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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scale to the advective time scale (i.e. a measure of the strength of advection relative to
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We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
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)/(T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
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Z
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⇢
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�

Z

D
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The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and

or
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become
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� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2
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� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
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. (2.26)

Using equation (2.19), û
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(z) is computed to be
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(z) = i
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Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|
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↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
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)/(T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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↵
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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)/(T
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)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
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0
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1

�

Z
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a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)

The problem:
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The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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)/(T
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� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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The fixed energy constraint (1.3) is then
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, (1.13)
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and

or
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
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Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
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� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
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�
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D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
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, (1.13)
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)
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Define the long time-space average by angle brackets h·i:
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↵
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The problem:
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The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
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� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
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)/(T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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D
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�
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2

↵
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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fusion time scale h2/. The dimensionless temperature is naturally (T � T
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T
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)/(T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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The fixed energy constraint (1.3) is then
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and

or
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
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, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be
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(z) are the Fourier coe�cients of w and ✓ with
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µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
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Knowing A
k

and B
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, Nu is obtained from (1.15):

Nu = 1 +A
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B
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= 1 +
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Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max
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Pe2. (2.31)
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(Pe,� ), i.e., Nu
MAX

, is achieved at �
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Nu
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Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by
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1
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and

Wall to wall transport:

Wall to Wall Optimal Transport 3

6

?

h

T = T

t

, ✓ = 0, w = 0

T = T

b

, ✓ = 0, w = 0

6

-

z

x

Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)

Wall to Wall Optimal Transport 3

6

?

h

T = T

t

, ✓ = 0, w = 0

T = T

b

, ✓ = 0, w = 0

6

-

z

x

Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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)/(T
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� T
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)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
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� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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Pe =
⌦
|v|

2

↵
, (1.13)



Wall to Wall Optimal Transport 3

6

?

h

T = T

t

, ✓ = 0, w = 0

T = T

b

, ✓ = 0, w = 0

6

-

z

x

Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
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� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
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� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1
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Z
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0
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The fixed energy constraint (1.3) is then

Pe =
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|v|
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↵
, (1.13)

The problem:

2 P. Hassanzadeh, G. P. Chini and C. R. Doering

The motivation for this investigation is a very general and generic question: what is the
maximum rate with which a passive tracer (a scalar concentration that we will refer to as
temperature) can be transported by divergence-free velocity fields satisfying some given
boundary conditions and intensity constraints? The conditions and constraints considered
here are (a) that the flow between two impermeable parallel boundaries has a specified
(fixed, given) root mean square speed or vorticity, and (b) that the concentration of the
tracer is constant on each boundary, i.e., boundaries are isothermal. For simplicity we
restrict our attention here to steady flows in two spatial dimensions.

In the following subsection we present details of the problem and its mathematical for-
mulation. In subsequent sections 2 and 3, we analyze the problems with, respectively, the
fixed energy (mean square speed) and fixed enstrophy (mean square vorticity) constraints.
For each problem, we employ the calculus of variations to maximize the relevant trans-
port, a functional of the flow, subjected to the constraints of the problem. The resulting
nonlinear Euler-Lagrange equations are linearized for weak flows and solved analytically.
For strong flows, we solve the Euler-Lagrange equations using numerical continuation.
Exploiting symmetries, we also solved these equations via matched asymptotic analysis
for the fixed energy problem. Once the extremal velocity field is obtained from the so-
lution of the Euler-Lagrange equations, the optimal transport can be evaluated, which
serves as an upper bound for related problems sharing these problems’ boundary con-
ditions and flow intensity constraints. At the end of each section, the calculated upper
bound is compared with the available results for a relevant problem: convection in porous
media (fixed energy) and Rayleigh-Bénard convection (fixed enstrophy). The concluding
section 4 includes a discussion of future work utilizing this and related approaches to
study extreme behavior in fluid dynamical systems.

1.1. Mathematical Formulation

We focus on heat transport in two dimensions in terms of a temperature field T (x, z, t)
satisfying the advection-di↵usion equation

Ṫ + v ·rT = �T, (1.1)

where Ṫ = @T/@t, � = @2/@x2 + @2/@z2,  is the (constant) thermal di↵usivity of the
fluid, and v(x, z, t) = ux̂+ wẑ is an incompressible flow field, i.e.,

r · v = 0. (1.2)

The geometry of the problem is shown in figure 1. The domain D = [0, L] ⇥ [0, h] is
bounded by two infinite parallel impermeable walls held at fixed temperatures. Note
that the parallel walls can be horizontal or vertical or inclined; respecting tradition we
align the walls horizontally in the x direction separated by distance h in the vertical z
direction. All the system variables are periodic in the x direction with horizontal period
L.

We consider velocity fields that either have fixed mean squared speed

U2 =
1

hL

Z

D

|v|

2 dx dz, (1.3)

or fixed enstrophy density

⌦2 =
1

hL

Z

D

|!|

2 dx dz =
1

hL

Z

D

|rv|

2 dx dz, (1.4)

where ! = r ⇥ v is the vorticity and |rv|

2 = rv : rv. The second equality in (1.4)
follows for many boundary conditions on impermeable horizontal boundaries including
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no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and
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remains an open question. Of course the question can be answered by performing the
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is
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Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by

1

1

0

First:  an a priori estimate …
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and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.
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taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
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Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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Z
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a(x, z, s) dx dz

�
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The fixed energy constraint (1.3) is then

Pe =
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|v|

2

↵
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remembering that the maximum principle assures 0 6 T 6 1 so |T � 1/2| 6 1/2,

Nu = 1 + hwT i = 1 + hw(T � 1/2)i 6 1 +
⌦
|w|2

↵
1/2

⌦
|T � 1/2|2

↵
1/2

6 1 +

⌦
|v|

2

↵
1/2

2
= 1 +

Pe

2
. (2.6)

2.1. Variational Formulation for Steady Flows

The variational problem to maximize Nu = 1 + h✓wi given constraints (2.1)–(2.3) and
boundary conditions (2.4)–(2.5) is to extremize the functional

F =
D
w✓ � �(x, z) (v ·r✓ ��✓ � w) + p(x, z) (r · v)� µ

2

�
|v|

2

� Pe2
�E

(2.7)

where �(x, z), p(x, z), and µ are Lagrange multipliers; � and p are functions of x and z
to enforce the constraints (2.1) and (2.2) point-wise while µ is just a real number. The
Euler-Lagrange equations are

0 =
�F

�v
= (✓ + �) ẑ + ✓r��rp� µv, (2.8)

0 =
�F

�✓
= v ·r�+��+ w, (2.9)

0 =
�F

��
= �v ·r✓ +�✓ + w, (2.10)

0 =
�F

�p
= r · v, (2.11)

0 =
@F

@µ
= Pe2 �

⌦
|v|

2

↵
. (2.12)

In deriving (2.9) the natural boundary conditions that � vanishes at z = 0 and z = 1
were employed to eliminate a surface term arising from the integration by parts of ��✓.
Therefore, the boundary conditions accompanying these partial di↵erential equations are

w(x, 0) = w(x, 1) = 0, (2.13)

✓(x, 0) = ✓(x, 1) = 0, (2.14)

�(x, 0) = �(x, 1) = 0. (2.15)

Note that the +✓r� term is equivalent to ��r✓ in (2.8), the di↵erence being a perfect
gradient that can be absorbed into rp.

Equations (2.8) and (2.10)–(2.11) exhibit some similarities with those for Rayleigh-
Bénard convection in a fluid saturated porous layer at infinite Prandtl-Darcy number
(see e.g. Doering & Constantin 1998). But here an extra scalar, the Lagrange multiplier
or “adjoint” field � enters the problem. This resemblance, which will also be observed in
the linear analysis in the next section, will be discussed in §2.5.
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(2.9)–(2.10) and the maximum principle, implies that |✓| ⌧ 1 and |�| ⌧ 1. Therefore, in
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µv +rp = (✓ + �)ẑ, (2.16)
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while the fixed enstrophy constraint (1.4) is

Pe =
⌦
|rv|

2

↵
. (1.14)

The Nusselt number Nu measures the scalar transport by advection and is defined as
the ratio of the total flux in the presence of advection to the heat flux by pure conduction.
We are interested in the vertical transport between horizontal walls so (see Hassanzadeh
2012, p. 4)

Nu = 1 + hwT i = 1 + hw✓i . (1.15)

Note that hw f(·)i = 0 for any f(z) as a result of incompressibility and the boundary
conditions.

1.2. Objective

With the strength of advection gauged by Pe, the geometry of the flow parameterized by
� , and strength of transport measured by Nu as defined above, we are now in a position
to fully formulate the task at hand:

1) Search over all steady divergence-free velocity fields v with given (Pe,� ) that satisfy
(1.11) to find the maximum possible value of Nu (1.15), noting that v, (1.8) and (1.10)
uniquely determine the steady-state ✓(x, z). This maximum is denoted

Nu
max

(Pe,� ) ⌘ sup
v
{Nu(v)}. (1.16)

2) For the same Pe, step 1 may be repeated for various values of � . For this value of
Pe, the largest value of Nu

max

(Pe,� ) will be called

Nu
MAX

(Pe) ⌘ sup
�

{Nu
max

(Pe,� )}. (1.17)

3) And for each value of Pe, the � from step 2 that realizes Nu
MAX

is dubbed the
optimal aspect ratio and denoted �

opt

(Pe). That is, Nu
MAX

(Pe) = Nu
max

(Pe,�
opt

(Pe)).

The time (in)dependence of the flow merits further discussion. The e↵ect of unsteadi-
ness on optimal transport is not fully understood and whether a time-dependent flow
can transport more than a steady flow (with the same amount of energy or enstrophy)
remains an open question. Of course the question can be answered by performing the
optimization in step 1 over both space and time, i.e. for v = v(x, z, t). Such an analysis
is a problem of optimal control theory, left for the future. Here we focus on steady flows
(i.e. v = v(x, z)) and use calculus of variations to carry out step 1. As will be seen, the
steady analysis gives useful insight into the optimal transport problem that can be used
to guide future unsteady studies.

2. Optimal Transport with Fixed Energy

The fixed energy system, equations (1.8)–(1.11) and (1.13), is

v ·r✓ = �✓ + w, (2.1)

r · v = 0, (2.2)

Pe =
⌦
|v|

2

↵
, (2.3)

✓(x, 0) = ✓(x, 1) = 0, (2.4)

w(x, 0) = w(x, 1) = 0. (2.5)

Without solving anything we note that a simple analysis yields a rigorous a priori up-
per bound on Nu. Starting from (1.15), recalling the Cauchy-Schwarz inequality and
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6 1 +
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|v|
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↵
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2
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Pe

2
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2.1. Variational Formulation for Steady Flows
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boundary conditions (2.4)–(2.5) is to extremize the functional

F =
D
w✓ � �(x, z) (v ·r✓ ��✓ � w) + p(x, z) (r · v)� µ

2

�
|v|

2

� Pe2
�E

(2.7)

where �(x, z), p(x, z), and µ are Lagrange multipliers; � and p are functions of x and z
to enforce the constraints (2.1) and (2.2) point-wise while µ is just a real number. The
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0 =
�F

�✓
= v ·r�+��+ w, (2.9)

0 =
�F

��
= �v ·r✓ +�✓ + w, (2.10)

0 =
�F

�p
= r · v, (2.11)

0 =
@F

@µ
= Pe2 �

⌦
|v|

2

↵
. (2.12)

In deriving (2.9) the natural boundary conditions that � vanishes at z = 0 and z = 1
were employed to eliminate a surface term arising from the integration by parts of ��✓.
Therefore, the boundary conditions accompanying these partial di↵erential equations are

w(x, 0) = w(x, 1) = 0, (2.13)

✓(x, 0) = ✓(x, 1) = 0, (2.14)

�(x, 0) = �(x, 1) = 0. (2.15)

Note that the +✓r� term is equivalent to ��r✓ in (2.8), the di↵erence being a perfect
gradient that can be absorbed into rp.

Equations (2.8) and (2.10)–(2.11) exhibit some similarities with those for Rayleigh-
Bénard convection in a fluid saturated porous layer at infinite Prandtl-Darcy number
(see e.g. Doering & Constantin 1998). But here an extra scalar, the Lagrange multiplier
or “adjoint” field � enters the problem. This resemblance, which will also be observed in
the linear analysis in the next section, will be discussed in §2.5.

2.2. The Limit of Small Pe: Asymptotic Solution

In the limit of small Pe the flow field |v| ⌧ 1 (at least in the L2 sense) which, along with
(2.9)–(2.10) and the maximum principle, implies that |✓| ⌧ 1 and |�| ⌧ 1. Therefore, in
this limit we can linearize equations (2.8)–(2.10) to obtain the system

µv +rp = (✓ + �)ẑ, (2.16)

��+ w = 0, (2.17)

�✓ + w = 0, (2.18)

r · v = 0. (2.19)
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by

1

1

0
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where �(x, z), p(x, z), and µ are Lagrange multipliers; � and p are functions of x and z
to enforce the constraints (2.1) and (2.2) point-wise while µ is just a real number. The
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0 =
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↵
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In deriving (2.9) the natural boundary conditions that � vanishes at z = 0 and z = 1
were employed to eliminate a surface term arising from the integration by parts of ��✓.
Therefore, the boundary conditions accompanying these partial di↵erential equations are

w(x, 0) = w(x, 1) = 0, (2.13)

✓(x, 0) = ✓(x, 1) = 0, (2.14)

�(x, 0) = �(x, 1) = 0. (2.15)

Note that the +✓r� term is equivalent to ��r✓ in (2.8), the di↵erence being a perfect
gradient that can be absorbed into rp.

Equations (2.8) and (2.10)–(2.11) exhibit some similarities with those for Rayleigh-
Bénard convection in a fluid saturated porous layer at infinite Prandtl-Darcy number
(see e.g. Doering & Constantin 1998). But here an extra scalar, the Lagrange multiplier
or “adjoint” field � enters the problem. This resemblance, which will also be observed in
the linear analysis in the next section, will be discussed in §2.5.

2.2. The Limit of Small Pe: Asymptotic Solution

In the limit of small Pe the flow field |v| ⌧ 1 (at least in the L2 sense) which, along with
(2.9)–(2.10) and the maximum principle, implies that |✓| ⌧ 1 and |�| ⌧ 1. Therefore, in
this limit we can linearize equations (2.8)–(2.10) to obtain the system

µv +rp = (✓ + �)ẑ, (2.16)

��+ w = 0, (2.17)

�✓ + w = 0, (2.18)

r · v = 0. (2.19)
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In deriving (2.9) the natural boundary conditions that � vanishes at z = 0 and z = 1
were employed to eliminate a surface term arising from the integration by parts of ��✓.
Therefore, the boundary conditions accompanying these partial di↵erential equations are
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✓(x, 0) = ✓(x, 1) = 0, (2.14)

�(x, 0) = �(x, 1) = 0. (2.15)

Note that the +✓r� term is equivalent to ��r✓ in (2.8), the di↵erence being a perfect
gradient that can be absorbed into rp.

Equations (2.8) and (2.10)–(2.11) exhibit some similarities with those for Rayleigh-
Bénard convection in a fluid saturated porous layer at infinite Prandtl-Darcy number
(see e.g. Doering & Constantin 1998). But here an extra scalar, the Lagrange multiplier
or “adjoint” field � enters the problem. This resemblance, which will also be observed in
the linear analysis in the next section, will be discussed in §2.5.

2.2. The Limit of Small Pe: Asymptotic Solution

In the limit of small Pe the flow field |v| ⌧ 1 (at least in the L2 sense) which, along with
(2.9)–(2.10) and the maximum principle, implies that |✓| ⌧ 1 and |�| ⌧ 1. Therefore, in
this limit we can linearize equations (2.8)–(2.10) to obtain the system

µv +rp = (✓ + �)ẑ, (2.16)

��+ w = 0, (2.17)

�✓ + w = 0, (2.18)

r · v = 0. (2.19)
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Bénard convection in a fluid saturated porous layer at infinite Prandtl-Darcy number
(see e.g. Doering & Constantin 1998). But here an extra scalar, the Lagrange multiplier
or “adjoint” field � enters the problem. This resemblance, which will also be observed in
the linear analysis in the next section, will be discussed in §2.5.
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Figure 4. Evolution of the flow fields with Pe for the case with � = 1. Panels on the left show
 and panels on the right show ✓. (a) and (b) Pe = 10.0, Nu

max

= 2.4; (c) and (d) Pe = 59.4,
Nu

max

= 9.7; (e) and (f) Pe = 161.3, Nu
max

= 20.7. The resolution is 612.

obtain analytical asymptotic solutions for (2.33)–(2.35) and hence Nu
max

, Nu
MAX

, and
�
opt

in the limit of large Pe. (The analytically derived Nu
MAX

(2.93) is also plotted in
figure 5, agreeing very well with the envelope produced by the numerical results).
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Figure 4. Evolution of the flow fields with Pe for the case with � = 1. Panels on the left show
 and panels on the right show ✓. (a) and (b) Pe = 10.0, Nu

max

= 2.4; (c) and (d) Pe = 59.4,
Nu

max

= 9.7; (e) and (f) Pe = 161.3, Nu
max

= 20.7. The resolution is 612.

obtain analytical asymptotic solutions for (2.33)–(2.35) and hence Nu
max

, Nu
MAX

, and
�
opt

in the limit of large Pe. (The analytically derived Nu
MAX

(2.93) is also plotted in
figure 5, agreeing very well with the envelope produced by the numerical results).

As µ decreases and  Pe increases …
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Figure 2. Optimal flow field in the small–Pe limit for the fixed energy problem: (a)
streamlines  , (b) temperature ✓.

an array of square convection cells (rolls) with optimal aspect ratio �
opt

= 1. Figure 2
shows this flow field where the square convection cells are clearly seen. This solution is
identical to the first unstable mode at onset for Rayleigh-Bénard convection in a fluid
saturated porous media (Doering & Constantin 1998). Additionally, we note that the
factor 4⇡2 arising in (2.32) is the critical Ra for the instability; more on this in §2.5.

2.3. Small to Large Pe: Numerical Solution

The full nonlinear equations (2.8)–(2.11) must be solved in order to find the solution for
Pe > O(1). Defining the stream function  by u = @ /@z and w = �@ /@x, equations
(2.8)–(2.11) reduce to

J(✓,�) + µ� + (✓ + �)
x

= 0, (2.33)

�J( ,�) +���  
x

= 0, (2.34)

�J( , ✓)��✓ +  
x

= 0, (2.35)

where J(a, b) = @a

@x

@b

@z

�

@a

@z

@b

@x

. The boundary conditions (2.13)–(2.15) become

 (x, 0) =  (x, 1) = 0, (2.36)

✓(x, 0) = ✓(x, 1) = 0, (2.37)

�(x, 0) = �(x, 1) = 0. (2.38)

These equations and boundary conditions imply an interesting symmetry between ✓ and
� that will be exposed in the numerical results and exploited later to obtain large–Pe
asymptotic solutions.

2.3.1. Numerical Continuation

Numerical continuation is a strategy to systematically trace a branch of solutions
starting from a first guess (Boyd 2001, Appx. D). In the problem at hand, for a given
value of � we know the solution (analytically) in the limit of small Pe (i.e. large µ) from
§2.2; we want to find the solutions numerically for larger values of Pe (i.e. smaller µ).
The continuation algorithm is:

1) Start from the analytical solution for large µ for a given value of � .
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Figure 5. The numerically obtained Nu
max

as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Nu

max

(2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained Nu

MAX

(2.93). The thin black dashed line indicates the Pe2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce Nu

MAX

. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠
x

= 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 
x

= 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)
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This gives the optimal aspect ratio �
opt

that maximizes Nu
max

at a given µ. Using
� = �

opt

in (2.91) gives Nu
MAX

(Pe):

Nu
MAX

⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �

opt

(Pe), the optimal cell aspect
ratio at a given Pe:

�
opt

⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)

Ṫ + v ·rT = �T, (2.97)

with the same boundary conditions that we have been using in the preceding sections:
T |

z=0

= 1, T |
z=1

= 0, and ẑ ·v|

z=0

= ẑ ·v|

z=1

= 0. In this system Pr is the Prandtl-Darcy
number and Ra is the Rayleigh number. The linear velocity damping term comes from
the Darcy’s law (see Doering & Constantin (1998) and references therein for details).

Taking the inner product of (2.96) with v and averaging over long times and the spatial
domain with impermeable walls gives

⌦
|v|

2

↵
= Ra hwT i . (2.98)

The transient term vanishes due to long-time averaging, and the nonlinear and pressure
terms vanish because of the spatial integration. Then using the definition of Pe for fixed
energy problems (1.13) and with Nu as in (1.15) from §1.1 we identify

Pe2 = Ra (Nu � 1). (2.99)

The Nusselt number Nu, when calculated by long-time averaging, is just a function of
Ra. As a results, in both steady and statistically-steady flows, equation (2.99) shows that
the time-averaged Péclet number is fixed for a given value of Ra (note that Ra depends
on the fluid properties and the imposed temperature di↵erence between the walls; it does
not depend on the flow). Therefore, steady convection in porous media occurs with fixed
energy.

With the help of (2.99), Pe can be replaced with Ra in (2.88) and (2.93)–(2.94) so
that

Nu
max

(Ra,� ) = 1 +

p

3⇡

8�
Ra1/2, (2.100)

Nu
MAX

(Ra) = 1 + 0.0352Ra, (2.101)

�
opt

= 8.89Ra�1/2. (2.102)

Interestingly, � ⇠ Ra�1/2 is the scaling of the smallest unstable mode about the con-
duction solution in porous media convection.
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2.4.4. Nu
max

(Pe,� ): ✏ ⌧ 1 and � � 1 Limit

In the limit of relatively small ✏ ⌘ �
p

2µ/⇡, the integrals in (2.82) and (2.83) are
approximately

Z
0.5

�0.5

H2dz ⇡ 1�

"
4✏

1� ⇡
�

p
2

#
, (2.84)

Z
0.5

�0.5

(H 0)2dz ⇡

2

3

"
1� ⇡

�

p
2

✏

#
, (2.85)

as has been confirmed numerically (again, recall that � ⌘ �/
p

µ is not ⌧ 1). Consider
(2.82) and (2.83) in the limit of vanishing µ and fixed � , i.e. ✏ ⌧ 1 and � � 1. In this
limit, (2.84) and (2.85) further simplify to 1 and 2/(3✏), respectively. Then (2.82) and
(2.83) yield

Pe =
1

p

2✏

s
p

2

3⇡
�, (2.86)

Nu
max

= 1 +
1

4✏
. (2.87)

Solving (2.86) for µ and using that expression in (2.87) yields Nu
max

(Pe,� ) as

Nu
max

= 1 +
1

4


3⇡2

� 2

�
1/3

Pe2/3. (2.88)

The accuracy of this approximation is demonstrated in figure 7 for � = 0.2 and 1.
Equation (2.88) is Nu

max

as a function of Pe for a fixed value of � , which is not the same
as Nu

MAX

, i.e., the maximum achievable Nu
max

at that Pe. Determining Nu
MAX

(Pe)
requires letting � shrink as Pe increases, as done next.

2.4.5. Nu
MAX

(Pe): ✏ ⌧ 1 and � = O(1) Limit

Here we examine the limit
p

µ ⌧ 1 and � ⌧ 1 when their ratio is finite. Physically
this means that we allow the cells to narrow as Pe increases. It is in this distinguished
limit that Nu

MAX

for a given Pe, i.e. the optimal transport for a given amount of energy,
is achieved.

In this limit, (2.84) again reduces to 1, but (2.85) cannot be further simplified. Using
these approximations for the integrals in (2.82)–(2.83) implies

Pe =
1

p

2✏

✓
1�

⇡
p

2

1

�

◆s
2

3
+

p

2

3⇡
�, (2.89)

Nu
max

� 1 =
1

4✏

✓
1�

⇡
p

2

1

�

◆
2

. (2.90)

Dividing (2.90) by (2.89) to eliminate ✏ we see that

Nu
max

� 1

Pe
=

1

2
p

2

1� ⇡p
2

1

�q
2

3

+
p
2

3⇡ �
. (2.91)

which is maximized at

�
opt

⌘

�
opt

p

µ
= 2

p

2⇡ ⇡ 8.885766. (2.92)
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Integrating equation (2.69) we see that
✓
1�

⇡

�
p

2

◆
C 0 = �

⇠̄2
o

2
(AB � 1), (2.70)

where the constant of integration is determined by C 0
! 0, and A and B ! 1 as Z ! 1.

Substitution of (2.70) into (2.66) and (2.68) reveals the same equation for A and
B, which along with the fact that they have the same boundary conditions implies
A = B. Then using A = B in both equations (2.66) and (2.69) shows that A = B =�
1� ⇡/(�

p

2)
�
C/⇠̄

o

. The boundary condition A(+1) = B(+1) = C(+1) = 1 there-

fore imply that ⇠̄
o

= 1� ⇡/(�
p

2).
All together we conclude that A(Z) = B(Z) = C(Z) where

A00 + ⇠̄
o

AA0 = 0 (2.71)

with

⇠̄
o

=
⌘̄
o

2
= 1�

⇡

2�

p
2µ. (2.72)

Equation (2.71) can be integrated giving

A0 +
⇠̄
o

2
A2 =

⇠̄
o

2
, (2.73)

where again the constant of integration comes from the boundary conditions A0
! 0 and

A ! 1 as Z ! 1. The exact solution is

A(Z) =
1� exp(�⇠̄

o

Z)

1 + exp(�⇠̄
o

Z)
= tanh


⇠̄
o

2
Z

�
. (2.74)

2.4.3. The Complete Solution: Matching

Including the bottom boundary layer and matching the three regions (the bulk and
the two boundary layers), the complete asymptotic approximation is

 (x, z) ⇠
1

p

2µ

⇣
1�

⇡

2�

p
2µ

⌘
cos

⇣ ⇡

�
x
⌘
H(z), (2.75)

⇠(x, z) ⇠
⇣
1�

⇡

2�

p
2µ

⌘
sin

⇣ ⇡

�
x
⌘
H(z), (2.76)

⌘(x, z) ⇠ 2
⇣
1�

⇡

2�

p
2µ

⌘
z H(z), (2.77)

where

H(z) = A

✓
0.5� z

�

◆
A

✓
0.5 + z

�

◆

= tanh


⇡

2

⇣
1�

⇡

2�

p
2µ

⌘ z + 0.5

�
p

2µ

�
tanh


⇡

2

⇣
1�

⇡

2�

p
2µ

⌘ z + 0.5

�
p

2µ

�
. (2.78)

Therefore, to leading order assuming that �
p

µ ⌧ 1 and �/
p

µ is finite or large,

u(x, z) ⇠
1

p

2µ

⇣
1�

⇡

2�

p
2µ

⌘
cos

⇣ ⇡

�
x
⌘
H 0(z), (2.79)

w(x, z) ⇠
1

p

2µ

⇣ ⇡

�

⌘ ⇣
1�

⇡

2�

p
2µ

⌘
sin

⇣ ⇡

�
x
⌘
H(z), (2.80)

✓(x, z) ⇠
1

2

⇣
1�

⇡

2�

p
2µ

⌘ ⇣
sin

⇣ ⇡

�
x
⌘
+ 2z

⌘
H(z). (2.81)
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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This gives the optimal aspect ratio �
opt

that maximizes Nu
max

at a given µ. Using
� = �

opt

in (2.91) gives Nu
MAX

(Pe):

Nu
MAX

⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �

opt

(Pe), the optimal cell aspect
ratio at a given Pe:

�
opt

⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)

Ṫ + v ·rT = �T, (2.97)

with the same boundary conditions that we have been using in the preceding sections:
T |

z=0

= 1, T |
z=1

= 0, and ẑ ·v|

z=0

= ẑ ·v|

z=1

= 0. In this system Pr is the Prandtl-Darcy
number and Ra is the Rayleigh number. The linear velocity damping term comes from
the Darcy’s law (see Doering & Constantin (1998) and references therein for details).

Taking the inner product of (2.96) with v and averaging over long times and the spatial
domain with impermeable walls gives

⌦
|v|

2

↵
= Ra hwT i . (2.98)

The transient term vanishes due to long-time averaging, and the nonlinear and pressure
terms vanish because of the spatial integration. Then using the definition of Pe for fixed
energy problems (1.13) and with Nu as in (1.15) from §1.1 we identify

Pe2 = Ra (Nu � 1). (2.99)

The Nusselt number Nu, when calculated by long-time averaging, is just a function of
Ra. As a results, in both steady and statistically-steady flows, equation (2.99) shows that
the time-averaged Péclet number is fixed for a given value of Ra (note that Ra depends
on the fluid properties and the imposed temperature di↵erence between the walls; it does
not depend on the flow). Therefore, steady convection in porous media occurs with fixed
energy.

With the help of (2.99), Pe can be replaced with Ra in (2.88) and (2.93)–(2.94) so
that

Nu
max

(Ra,� ) = 1 +

p

3⇡

8�
Ra1/2, (2.100)

Nu
MAX

(Ra) = 1 + 0.0352Ra, (2.101)

�
opt

= 8.89Ra�1/2. (2.102)

Interestingly, � ⇠ Ra�1/2 is the scaling of the smallest unstable mode about the con-
duction solution in porous media convection.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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)/(T
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)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
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)/(T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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This gives the optimal aspect ratio �
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in (2.91) gives Nu
MAX

(Pe):

Nu
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⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �
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(Pe), the optimal cell aspect
ratio at a given Pe:
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⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)

Ṫ + v ·rT = �T, (2.97)

with the same boundary conditions that we have been using in the preceding sections:
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z=0
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z=1

= 0, and ẑ ·v|

z=0

= ẑ ·v|

z=1

= 0. In this system Pr is the Prandtl-Darcy
number and Ra is the Rayleigh number. The linear velocity damping term comes from
the Darcy’s law (see Doering & Constantin (1998) and references therein for details).

Taking the inner product of (2.96) with v and averaging over long times and the spatial
domain with impermeable walls gives

⌦
|v|

2
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= Ra hwT i . (2.98)

The transient term vanishes due to long-time averaging, and the nonlinear and pressure
terms vanish because of the spatial integration. Then using the definition of Pe for fixed
energy problems (1.13) and with Nu as in (1.15) from §1.1 we identify

Pe2 = Ra (Nu � 1). (2.99)

The Nusselt number Nu, when calculated by long-time averaging, is just a function of
Ra. As a results, in both steady and statistically-steady flows, equation (2.99) shows that
the time-averaged Péclet number is fixed for a given value of Ra (note that Ra depends
on the fluid properties and the imposed temperature di↵erence between the walls; it does
not depend on the flow). Therefore, steady convection in porous media occurs with fixed
energy.

With the help of (2.99), Pe can be replaced with Ra in (2.88) and (2.93)–(2.94) so
that

Nu
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(Ra,� ) = 1 +
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Ra1/2, (2.100)
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Interestingly, � ⇠ Ra�1/2 is the scaling of the smallest unstable mode about the con-
duction solution in porous media convection.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T
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)/(T
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)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T
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)/(T
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� T
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)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:
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t!1
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This gives the optimal aspect ratio �
opt

that maximizes Nu
max

at a given µ. Using
� = �

opt

in (2.91) gives Nu
MAX

(Pe):

Nu
MAX

⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �

opt

(Pe), the optimal cell aspect
ratio at a given Pe:

�
opt

⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)

Ṫ + v ·rT = �T, (2.97)

with the same boundary conditions that we have been using in the preceding sections:
T |

z=0

= 1, T |
z=1

= 0, and ẑ ·v|

z=0

= ẑ ·v|

z=1

= 0. In this system Pr is the Prandtl-Darcy
number and Ra is the Rayleigh number. The linear velocity damping term comes from
the Darcy’s law (see Doering & Constantin (1998) and references therein for details).

Taking the inner product of (2.96) with v and averaging over long times and the spatial
domain with impermeable walls gives

⌦
|v|

2

↵
= Ra hwT i . (2.98)

The transient term vanishes due to long-time averaging, and the nonlinear and pressure
terms vanish because of the spatial integration. Then using the definition of Pe for fixed
energy problems (1.13) and with Nu as in (1.15) from §1.1 we identify

Pe2 = Ra (Nu � 1). (2.99)

The Nusselt number Nu, when calculated by long-time averaging, is just a function of
Ra. As a results, in both steady and statistically-steady flows, equation (2.99) shows that
the time-averaged Péclet number is fixed for a given value of Ra (note that Ra depends
on the fluid properties and the imposed temperature di↵erence between the walls; it does
not depend on the flow). Therefore, steady convection in porous media occurs with fixed
energy.

With the help of (2.99), Pe can be replaced with Ra in (2.88) and (2.93)–(2.94) so
that

Nu
max

(Ra,� ) = 1 +

p

3⇡

8�
Ra1/2, (2.100)

Nu
MAX

(Ra) = 1 + 0.0352Ra, (2.101)

�
opt

= 8.89Ra�1/2. (2.102)

Interestingly, � ⇠ Ra�1/2 is the scaling of the smallest unstable mode about the con-
duction solution in porous media convection.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields
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�
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The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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This gives the optimal aspect ratio �
opt

that maximizes Nu
max

at a given µ. Using
� = �

opt

in (2.91) gives Nu
MAX

(Pe):

Nu
MAX

⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �

opt

(Pe), the optimal cell aspect
ratio at a given Pe:

�
opt

⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)

Ṫ + v ·rT = �T, (2.97)

with the same boundary conditions that we have been using in the preceding sections:
T |

z=0

= 1, T |
z=1

= 0, and ẑ ·v|

z=0

= ẑ ·v|

z=1

= 0. In this system Pr is the Prandtl-Darcy
number and Ra is the Rayleigh number. The linear velocity damping term comes from
the Darcy’s law (see Doering & Constantin (1998) and references therein for details).

Taking the inner product of (2.96) with v and averaging over long times and the spatial
domain with impermeable walls gives

⌦
|v|

2

↵
= Ra hwT i . (2.98)

The transient term vanishes due to long-time averaging, and the nonlinear and pressure
terms vanish because of the spatial integration. Then using the definition of Pe for fixed
energy problems (1.13) and with Nu as in (1.15) from §1.1 we identify

Pe2 = Ra (Nu � 1). (2.99)

The Nusselt number Nu, when calculated by long-time averaging, is just a function of
Ra. As a results, in both steady and statistically-steady flows, equation (2.99) shows that
the time-averaged Péclet number is fixed for a given value of Ra (note that Ra depends
on the fluid properties and the imposed temperature di↵erence between the walls; it does
not depend on the flow). Therefore, steady convection in porous media occurs with fixed
energy.

With the help of (2.99), Pe can be replaced with Ra in (2.88) and (2.93)–(2.94) so
that

Nu
max

(Ra,� ) = 1 +

p

3⇡

8�
Ra1/2, (2.100)

Nu
MAX

(Ra) = 1 + 0.0352Ra, (2.101)

�
opt

= 8.89Ra�1/2. (2.102)

Interestingly, � ⇠ Ra�1/2 is the scaling of the smallest unstable mode about the con-
duction solution in porous media convection.

18 P. Hassanzadeh, G. P. Chini and C. R. Doering

This gives the optimal aspect ratio �
opt

that maximizes Nu
max

at a given µ. Using
� = �

opt

in (2.91) gives Nu
MAX

(Pe):

Nu
MAX

⇡ 1 + 0.1875Pe. (2.93)

Figure 5 shows that (2.93) gives the maximum possible transport with remarkable accu-
racy. Finally, combining (2.89) and (2.92) determines �

opt

(Pe), the optimal cell aspect
ratio at a given Pe:

�
opt

⇡ 3.8476 Pe�1/2. (2.94)

Thinner cells produce the maximum transport as the Péclet number increases.

2.5. Example: Application to Porous Media Convection

We now show that convection in porous media is an example of transport with fixed
energy, find Nu

max

and Nu
MAX

as functions of the Rayleigh number Ra, and compare
them with the results of previous analytical and numerical investigations.

Rayleigh-Bénard convection in a layer of fluid-saturated porous medium heated from
below and cooled from above is often modeled by

r · v = 0, (2.95)
1

Pr
(v̇ + v ·rv) + v = �rp+ Ra T ẑ, (2.96)
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linear classical scaling for the Nusselt number, Nu# Ra, is attained asymptotically. The flow dynamics

are analyzed, and the interior of the vigorously convecting system is shown to be increasingly well
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number k and a linear background temperature field. The numerical results are approximately fitted by

k# Ra0:4.
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The buoyancy-driven convection of a layer of
Boussinesq fluid in a Rayleigh-Bénard cell is a canonical
physical system for the study of nonlinear chaotic dynam-
ics and emergent patterns [1,2]. Characterization of the
physical control and parameter dependence of the convec-
tive buoyancy flux in such a system, as measured by the
Nusselt number Nu, is of direct applicability to an ex-
tremely wide range of convective flows in environmental
and industrial settings. In particular, the dependence of
Nu on the Rayleigh number, which is the ratio of driving
buoyancy forces to the dissipative effects of viscosity and
diffusion, remains an enduring and active subject of
fundamental interest in fluid dynamics [3–5].

The related problem of two-dimensional Rayleigh-
Bénard convection in a fluid-saturated porous medium
has received relatively little attention until recently, par-
ticularly at very large values of Ra. There is emerging
interest in this subject due to its important implications
for the long-term storage of CO2 in deep saline aquifers
[6], which is being widely considered as a means of
offsetting anthropogenic emissions of CO2 and mitigating
the effects of climate change [7]. For Ra> Rac ¼ 4!2

the system is unstable to large-scale convective rolls [8].
As Ra is increased, these convective rolls undergo a series
of ‘‘dripping’’ instabilities that perturb, but do not signifi-
cantly alter, the large-scale background flow [9]. For
Ra * 1300 this quasisteady background flow breaks down
completely [10], marking a transition to the ‘‘turbulent’’
high-Ra regime of interest here.

The ‘‘classical’’ argument [11] for the dependence Nu
(Ra) suggests that, at sufficiently large values of Ra, the
buoyancy flux should be independent of the height H of
the layer. For the high-Ra regime in a porous medium
this argument predicts a linear scaling Nu# Ra. A linear
scaling has also been shown to be a rigorous upper bound
[10,12,13]. The high-Ra scaling has been investigated
numerically by Otero et al. [10] who found a reduced

exponent Nu# Ra0:9 for 1300 & Ra ! 10 000. Experi-
mental results from a one-sided system with a convecting
upper boundary and a deep or no-flux bottom boundary
have given scalings closer to Nu# Ra0:8 [14,15].
Here we consider a fluid-saturated two-dimensional po-

rous mediumwith constant permeability! and porosity".
The domain is heated at the base and cooled at the top, and
the fluid satisfies a linear equation of state such that the
resulting density difference "# across the height of the
domain is unstable. The flow is incompressible and gov-
erned by Darcy’s law. We assume that there is negligible
heat transfer to the solid phase of the medium, and employ
a constant thermal diffusivity D. This system is therefore
analogous to purely compositionally-driven convection.
We introduce a stream function c to describe the fluid

velocity ðu;wÞ ¼ ðc z;$c xÞ, and nondimensionalize with
respect to the height of the domain H and the convective
velocity scale U ¼ !g"#=$, where $ is the viscosity of
the fluid, thus obtaining dimensionless equations

r2c ¼ $@T

@x
; (1)

@T

@t
þ @c

@z

@T

@x
$ @c

@x

@T

@z
¼ 1

Ra
r2T: (2)

The Rayleigh number Ra is defined as Ra ) UH="D.
The dimensionless buoyancy flux is given by the Nusselt
number Nu ¼ hL$1

R
@T=@zjz¼0dxi, where L is the di-

mensionless aspect ratio and h i denotes a time average.
Nondimensionalizing in this way gives rise to Oð1Þ height,
temperature, velocity, and convective time scales, while
diffusive time and length scales are OðRa$1Þ.
Equations (1) and (2), are solved numerically, using a

spectral method for (1) and an alternating-direction im-
plicit method for (2). The diffusion and advection opera-
tors in (2) are discretized using standard second-order finite
differences and flux-conservative techniques, respectively.
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We have adapted the unbounded heat-exchanger solution
to model the effect of circulation in a finite domain, by
including vertical variation with wave numberm. We expect
that m is related to the height of the domain, which implies
that themore rapid horizontal variationswith wave number k
dominate as Ra increases; hence the simple heat-exchanger

solution (3) and (4), is recovered asymptotically. Predictions
from the adapted model (not included here) show a good
quantitative agreement with the behavior of the rms tempera-
ture and velocity perturbations in Fig. 3(b).
The heat-exchanger model per se leaves the wave num-

ber k of the columnar flow undetermined. We measured k
using a time-average of the Fourier transform of the tem-
perature field at z ¼ 0:5, and these measurements are
presented in Fig. 4. We obtained very similar results both
by applying the same method to the vertical velocity field,
and by counting plumes directly using local velocity
maxima. The measurements of k can be fitted by an ap-
proximate scaling k" Ra0:4, though the data also hint at a
possible decrease in the exponent for Ra> 20 000 [19].
There is some variation between different calculations,
even for the same aspect ratio L, due to fluctuations in
the dominant wave number over extremely long time
scales.
A plausible hypothesis is that the horizontal wave num-

ber k and the amplitude T̂ of the interior columnar ex-
change flow are determined by the interaction between the
megaplumes and the protoplume regions at the top and
bottom of the flow. To examine the dynamics in these
regions, we constructed space-time diagrams of the tem-
perature in a slice at a fixed height just above the bottom
boundary layer, which exhibits behavior that is mirrored
at the top. Figure 5 reveals a characteristic repeating
‘‘fish-bone’’ pattern, which corresponds to persistent
megaplume roots (the ‘‘backbones’’) together with tran-
sient formation and entrainment of protoplumes on either
side (the ‘‘ribs’’).
The pattern of ribs shows bursts of protoplumes that

typically commence near a larger established plume, while
later protoplumes in the burst originate successively
further away. We interpret this as propagation of instability
along the boundary layer which drains the buoyancy
accumulated since the previous burst. Concomitantly
each new protoplume is entrained back towards the larger
established plume. This coupled mechanism of instability
and entrainment leads to episodic and highly time-
dependent patterns of plume growth and flushing.

FIG. 2 (color online). The time-averaged Nusselt number Nu,
showing the onset of convection at Ra ¼ 4!2, and the transition
to the high-Ra regime at Ra # 1300. Inset: Nu scaled by Ra in
the high-Ra regime, for different aspect ratios L, together with
the highest data from [10] for comparison. This plot shows a
clear trend in Nu=Ra towards a constant as Ra increases.

10

FIG. 3 (color online). Measurements of the interior region:
(a) temporally and horizontally averaged temperature profile h !Ti
for Ra ¼ 1; 2; 4$ 104, and (b) time-averaged root-mean-square
values, Trms, urms, and wrms, of the temperature perturbations and
velocity components at z ¼ 0:5.

FIG. 4 (color online). Time-averaged horizontal wave number
k scaled by Ra0:4, measured from the Fourier spectrum at
z ¼ 0:5. We attribute the variability in these measurements to
very long-time-scale fluctuations in the dominant wave number
that are not fully time averaged.
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We use a vertical coordinate transformation in order to
resolve the diffusive boundary layers at z ¼ 0, 1 which
have an anticipated depth !" Ra#1 [16]. The numerical
simulations are second order in space and time, and have
been extensively benchmarked against previous numerical
results at lower values of Ra [9,10].

For Ra * 1300 [17] the system cannot sustain the large-
scale quasiperiodic roll structure found at lower Ra, which
is broken down as unsteady plumes from the boundaries
drive vigorous columnar exchange flow across the height
of the domain. This transition in the dynamics marks the
start of the ‘‘high-Ra’’ regime. The flow can be divided into
three regions of differing dynamics, as illustrated in Fig. 1.
The interior region is dominated by predominantly vertical
exchange flow, carried in columns or ‘‘megaplumes’’ of a
fairly regular and Ra-dependent wavelength. At the very
top and bottom of the domain are thin diffusive boundary
layers, where intermittent short-wavelength instabilities
drive the growth of small ‘‘protoplumes.’’ Between the
boundary layers and the interior columnar flow is a region
where the dynamics are characterized by the rapid growth
and vigorous mixing of protoplumes. Lateral flushing by
the large-scale flow drives entrainment of the protoplumes
into the interior megaplumes.

In the high-Ra regime the local time-dependent Nusselt
number exhibits chaotic fluctuations about the long-term
time-averaged Nusselt number Nu. A numerical estimate
of Nu is obtained by time averaging until statistical uncer-
tainty in the mean is reduced to within 1%. Figure 2 shows
Nu(Ra) for Ra $ 40 000. The transition to the high-Ra
regime is marked by a sharp discontinuity in Nu at
Ra % 1300; a least-squares fit of the data beyond this point
gives a scaling of Ra" Nu0:95&0:01, in approximate agree-
ment with previous results [10]. However, the inset to
Fig. 2 shows a clear trend in Nu=Ra towards a constant
as Ra increases beyond 10 000, strongly suggesting that the
classical linear scaling is attained asymptotically. Given
that the system is dominated by persistent columnar ex-
change flow across the whole domain (Fig. 1), it is surpris-
ing that the flux seems to be asymptotically independent
of the height of the domain. We find that Nu exhibits no

systematic dependence on the aspect ratio L; the slight
scatter in the measurements of Fig. 2 (inset) is the result of
extremely long-time-scale fluctuations in the number of
megaplumes in the domain.
We can model the interior megaplume flow by an exact

‘‘heat-exchanger’’ solution to (1) and (2) in an unbounded
domain. In this model, vertical advection of a background
linear temperature gradient is exactly balanced by horizon-
tal diffusion between neighboring megaplumes, giving a
steady solution

Tðx; zÞ ¼ T̂ cosðkxÞ # k2

Ra
z; (3)

u ¼ 0; wðxÞ ¼ T̂ cosðkxÞ: (4)

This solution comprises interlocking columnar flow with
amplitude T̂ and a regular horizontal wave number k.
Equation (3) shows that the horizontally averaged

temperature profile is linear. Numerical measurements of
the temporally and horizontally averaged temperature
h !TðzÞi [Fig. 3(a)] agree with this linear behavior in the
interior region. We compare the amplitude of the columnar
flow in the model with the numerical calculations by
measuring the root-mean-square (rms) temperature pertur-
bations and velocity components, Trms, urms, and wrms.
In the heat-exchanger model, Trms ¼ wrms ¼ T̂=

ffiffiffi
2

p
, and

urms ¼ 0. Numerical measurements of Trms, urms, and wrms

at z ¼ 0:5 [Fig. 3(b)] show very good agreement with
this behavior asymptotically.
These measurements, together with movies [18] of the

temperature field, indicate that the vigorously convecting
system is dominated by remarkably persistent columnar
flow, which becomes increasingly ordered and increasingly
well-described by the steady heat-exchanger solution as Ra
increases. Moreover, Fig. 3(b) suggests that T̂ is asymptoti-
cally independent of Ra. This observation agrees with the
indications in Fig. 2 that a linear scaling for Nu(Ra)
is attained asymptotically: since the heat transport is
dominated by advection in the interior, we expect that
Nu" RaðT # !TÞw" RaT̂2 " Ra, if T̂ ¼ Oð1Þ.

FIG. 1 (color online). A snapshot of the temperature field at Ra ¼ 2) 104, illustrating the different regions described in the text.
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The buoyancy-driven convection of a layer of
Boussinesq fluid in a Rayleigh-Bénard cell is a canonical
physical system for the study of nonlinear chaotic dynam-
ics and emergent patterns [1,2]. Characterization of the
physical control and parameter dependence of the convec-
tive buoyancy flux in such a system, as measured by the
Nusselt number Nu, is of direct applicability to an ex-
tremely wide range of convective flows in environmental
and industrial settings. In particular, the dependence of
Nu on the Rayleigh number, which is the ratio of driving
buoyancy forces to the dissipative effects of viscosity and
diffusion, remains an enduring and active subject of
fundamental interest in fluid dynamics [3–5].

The related problem of two-dimensional Rayleigh-
Bénard convection in a fluid-saturated porous medium
has received relatively little attention until recently, par-
ticularly at very large values of Ra. There is emerging
interest in this subject due to its important implications
for the long-term storage of CO2 in deep saline aquifers
[6], which is being widely considered as a means of
offsetting anthropogenic emissions of CO2 and mitigating
the effects of climate change [7]. For Ra> Rac ¼ 4!2

the system is unstable to large-scale convective rolls [8].
As Ra is increased, these convective rolls undergo a series
of ‘‘dripping’’ instabilities that perturb, but do not signifi-
cantly alter, the large-scale background flow [9]. For
Ra * 1300 this quasisteady background flow breaks down
completely [10], marking a transition to the ‘‘turbulent’’
high-Ra regime of interest here.

The ‘‘classical’’ argument [11] for the dependence Nu
(Ra) suggests that, at sufficiently large values of Ra, the
buoyancy flux should be independent of the height H of
the layer. For the high-Ra regime in a porous medium
this argument predicts a linear scaling Nu# Ra. A linear
scaling has also been shown to be a rigorous upper bound
[10,12,13]. The high-Ra scaling has been investigated
numerically by Otero et al. [10] who found a reduced

exponent Nu# Ra0:9 for 1300 & Ra ! 10 000. Experi-
mental results from a one-sided system with a convecting
upper boundary and a deep or no-flux bottom boundary
have given scalings closer to Nu# Ra0:8 [14,15].
Here we consider a fluid-saturated two-dimensional po-

rous mediumwith constant permeability! and porosity".
The domain is heated at the base and cooled at the top, and
the fluid satisfies a linear equation of state such that the
resulting density difference "# across the height of the
domain is unstable. The flow is incompressible and gov-
erned by Darcy’s law. We assume that there is negligible
heat transfer to the solid phase of the medium, and employ
a constant thermal diffusivity D. This system is therefore
analogous to purely compositionally-driven convection.
We introduce a stream function c to describe the fluid

velocity ðu;wÞ ¼ ðc z;$c xÞ, and nondimensionalize with
respect to the height of the domain H and the convective
velocity scale U ¼ !g"#=$, where $ is the viscosity of
the fluid, thus obtaining dimensionless equations

r2c ¼ $@T

@x
; (1)

@T

@t
þ @c

@z

@T

@x
$ @c

@x

@T

@z
¼ 1

Ra
r2T: (2)

The Rayleigh number Ra is defined as Ra ) UH="D.
The dimensionless buoyancy flux is given by the Nusselt
number Nu ¼ hL$1

R
@T=@zjz¼0dxi, where L is the di-

mensionless aspect ratio and h i denotes a time average.
Nondimensionalizing in this way gives rise to Oð1Þ height,
temperature, velocity, and convective time scales, while
diffusive time and length scales are OðRa$1Þ.
Equations (1) and (2), are solved numerically, using a

spectral method for (1) and an alternating-direction im-
plicit method for (2). The diffusion and advection opera-
tors in (2) are discretized using standard second-order finite
differences and flux-conservative techniques, respectively.
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The buoyancy-driven convection of a layer of
Boussinesq fluid in a Rayleigh-Bénard cell is a canonical
physical system for the study of nonlinear chaotic dynam-
ics and emergent patterns [1,2]. Characterization of the
physical control and parameter dependence of the convec-
tive buoyancy flux in such a system, as measured by the
Nusselt number Nu, is of direct applicability to an ex-
tremely wide range of convective flows in environmental
and industrial settings. In particular, the dependence of
Nu on the Rayleigh number, which is the ratio of driving
buoyancy forces to the dissipative effects of viscosity and
diffusion, remains an enduring and active subject of
fundamental interest in fluid dynamics [3–5].

The related problem of two-dimensional Rayleigh-
Bénard convection in a fluid-saturated porous medium
has received relatively little attention until recently, par-
ticularly at very large values of Ra. There is emerging
interest in this subject due to its important implications
for the long-term storage of CO2 in deep saline aquifers
[6], which is being widely considered as a means of
offsetting anthropogenic emissions of CO2 and mitigating
the effects of climate change [7]. For Ra> Rac ¼ 4!2

the system is unstable to large-scale convective rolls [8].
As Ra is increased, these convective rolls undergo a series
of ‘‘dripping’’ instabilities that perturb, but do not signifi-
cantly alter, the large-scale background flow [9]. For
Ra * 1300 this quasisteady background flow breaks down
completely [10], marking a transition to the ‘‘turbulent’’
high-Ra regime of interest here.

The ‘‘classical’’ argument [11] for the dependence Nu
(Ra) suggests that, at sufficiently large values of Ra, the
buoyancy flux should be independent of the height H of
the layer. For the high-Ra regime in a porous medium
this argument predicts a linear scaling Nu# Ra. A linear
scaling has also been shown to be a rigorous upper bound
[10,12,13]. The high-Ra scaling has been investigated
numerically by Otero et al. [10] who found a reduced

exponent Nu# Ra0:9 for 1300 & Ra ! 10 000. Experi-
mental results from a one-sided system with a convecting
upper boundary and a deep or no-flux bottom boundary
have given scalings closer to Nu# Ra0:8 [14,15].
Here we consider a fluid-saturated two-dimensional po-

rous mediumwith constant permeability! and porosity".
The domain is heated at the base and cooled at the top, and
the fluid satisfies a linear equation of state such that the
resulting density difference "# across the height of the
domain is unstable. The flow is incompressible and gov-
erned by Darcy’s law. We assume that there is negligible
heat transfer to the solid phase of the medium, and employ
a constant thermal diffusivity D. This system is therefore
analogous to purely compositionally-driven convection.
We introduce a stream function c to describe the fluid

velocity ðu;wÞ ¼ ðc z;$c xÞ, and nondimensionalize with
respect to the height of the domain H and the convective
velocity scale U ¼ !g"#=$, where $ is the viscosity of
the fluid, thus obtaining dimensionless equations

r2c ¼ $@T

@x
; (1)

@T

@t
þ @c

@z

@T

@x
$ @c

@x

@T

@z
¼ 1

Ra
r2T: (2)

The Rayleigh number Ra is defined as Ra ) UH="D.
The dimensionless buoyancy flux is given by the Nusselt
number Nu ¼ hL$1

R
@T=@zjz¼0dxi, where L is the di-

mensionless aspect ratio and h i denotes a time average.
Nondimensionalizing in this way gives rise to Oð1Þ height,
temperature, velocity, and convective time scales, while
diffusive time and length scales are OðRa$1Þ.
Equations (1) and (2), are solved numerically, using a

spectral method for (1) and an alternating-direction im-
plicit method for (2). The diffusion and advection opera-
tors in (2) are discretized using standard second-order finite
differences and flux-conservative techniques, respectively.

PRL 108, 224503 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
1 JUNE 2012

0031-9007=12=108(22)=224503(4) 224503-1 ! 2012 American Physical Society

We use a vertical coordinate transformation in order to
resolve the diffusive boundary layers at z ¼ 0, 1 which
have an anticipated depth !" Ra#1 [16]. The numerical
simulations are second order in space and time, and have
been extensively benchmarked against previous numerical
results at lower values of Ra [9,10].

For Ra * 1300 [17] the system cannot sustain the large-
scale quasiperiodic roll structure found at lower Ra, which
is broken down as unsteady plumes from the boundaries
drive vigorous columnar exchange flow across the height
of the domain. This transition in the dynamics marks the
start of the ‘‘high-Ra’’ regime. The flow can be divided into
three regions of differing dynamics, as illustrated in Fig. 1.
The interior region is dominated by predominantly vertical
exchange flow, carried in columns or ‘‘megaplumes’’ of a
fairly regular and Ra-dependent wavelength. At the very
top and bottom of the domain are thin diffusive boundary
layers, where intermittent short-wavelength instabilities
drive the growth of small ‘‘protoplumes.’’ Between the
boundary layers and the interior columnar flow is a region
where the dynamics are characterized by the rapid growth
and vigorous mixing of protoplumes. Lateral flushing by
the large-scale flow drives entrainment of the protoplumes
into the interior megaplumes.

In the high-Ra regime the local time-dependent Nusselt
number exhibits chaotic fluctuations about the long-term
time-averaged Nusselt number Nu. A numerical estimate
of Nu is obtained by time averaging until statistical uncer-
tainty in the mean is reduced to within 1%. Figure 2 shows
Nu(Ra) for Ra $ 40 000. The transition to the high-Ra
regime is marked by a sharp discontinuity in Nu at
Ra % 1300; a least-squares fit of the data beyond this point
gives a scaling of Ra" Nu0:95&0:01, in approximate agree-
ment with previous results [10]. However, the inset to
Fig. 2 shows a clear trend in Nu=Ra towards a constant
as Ra increases beyond 10 000, strongly suggesting that the
classical linear scaling is attained asymptotically. Given
that the system is dominated by persistent columnar ex-
change flow across the whole domain (Fig. 1), it is surpris-
ing that the flux seems to be asymptotically independent
of the height of the domain. We find that Nu exhibits no

systematic dependence on the aspect ratio L; the slight
scatter in the measurements of Fig. 2 (inset) is the result of
extremely long-time-scale fluctuations in the number of
megaplumes in the domain.
We can model the interior megaplume flow by an exact

‘‘heat-exchanger’’ solution to (1) and (2) in an unbounded
domain. In this model, vertical advection of a background
linear temperature gradient is exactly balanced by horizon-
tal diffusion between neighboring megaplumes, giving a
steady solution

Tðx; zÞ ¼ T̂ cosðkxÞ # k2

Ra
z; (3)

u ¼ 0; wðxÞ ¼ T̂ cosðkxÞ: (4)

This solution comprises interlocking columnar flow with
amplitude T̂ and a regular horizontal wave number k.
Equation (3) shows that the horizontally averaged

temperature profile is linear. Numerical measurements of
the temporally and horizontally averaged temperature
h !TðzÞi [Fig. 3(a)] agree with this linear behavior in the
interior region. We compare the amplitude of the columnar
flow in the model with the numerical calculations by
measuring the root-mean-square (rms) temperature pertur-
bations and velocity components, Trms, urms, and wrms.
In the heat-exchanger model, Trms ¼ wrms ¼ T̂=

ffiffiffi
2

p
, and

urms ¼ 0. Numerical measurements of Trms, urms, and wrms

at z ¼ 0:5 [Fig. 3(b)] show very good agreement with
this behavior asymptotically.
These measurements, together with movies [18] of the

temperature field, indicate that the vigorously convecting
system is dominated by remarkably persistent columnar
flow, which becomes increasingly ordered and increasingly
well-described by the steady heat-exchanger solution as Ra
increases. Moreover, Fig. 3(b) suggests that T̂ is asymptoti-
cally independent of Ra. This observation agrees with the
indications in Fig. 2 that a linear scaling for Nu(Ra)
is attained asymptotically: since the heat transport is
dominated by advection in the interior, we expect that
Nu" RaðT # !TÞw" RaT̂2 " Ra, if T̂ ¼ Oð1Þ.

FIG. 1 (color online). A snapshot of the temperature field at Ra ¼ 2) 104, illustrating the different regions described in the text.
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Figure 2.11: Streamfunction ψ for (a) steady porous media convection with Γ = 0.07 and
Ra = 9976 [5] and (b) steady optimal flow with Γ = 0.1 and Ra = 5658. Temperature T in
the large–Ra regime (c) steady optimal flow with Γ = 0.1 and Ra = 4028.4 and (d) unsteady
DNS results with Ra = 2× 104 [9].
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The buoyancy-driven convection of a layer of
Boussinesq fluid in a Rayleigh-Bénard cell is a canonical
physical system for the study of nonlinear chaotic dynam-
ics and emergent patterns [1,2]. Characterization of the
physical control and parameter dependence of the convec-
tive buoyancy flux in such a system, as measured by the
Nusselt number Nu, is of direct applicability to an ex-
tremely wide range of convective flows in environmental
and industrial settings. In particular, the dependence of
Nu on the Rayleigh number, which is the ratio of driving
buoyancy forces to the dissipative effects of viscosity and
diffusion, remains an enduring and active subject of
fundamental interest in fluid dynamics [3–5].

The related problem of two-dimensional Rayleigh-
Bénard convection in a fluid-saturated porous medium
has received relatively little attention until recently, par-
ticularly at very large values of Ra. There is emerging
interest in this subject due to its important implications
for the long-term storage of CO2 in deep saline aquifers
[6], which is being widely considered as a means of
offsetting anthropogenic emissions of CO2 and mitigating
the effects of climate change [7]. For Ra> Rac ¼ 4!2

the system is unstable to large-scale convective rolls [8].
As Ra is increased, these convective rolls undergo a series
of ‘‘dripping’’ instabilities that perturb, but do not signifi-
cantly alter, the large-scale background flow [9]. For
Ra * 1300 this quasisteady background flow breaks down
completely [10], marking a transition to the ‘‘turbulent’’
high-Ra regime of interest here.

The ‘‘classical’’ argument [11] for the dependence Nu
(Ra) suggests that, at sufficiently large values of Ra, the
buoyancy flux should be independent of the height H of
the layer. For the high-Ra regime in a porous medium
this argument predicts a linear scaling Nu# Ra. A linear
scaling has also been shown to be a rigorous upper bound
[10,12,13]. The high-Ra scaling has been investigated
numerically by Otero et al. [10] who found a reduced

exponent Nu# Ra0:9 for 1300 & Ra ! 10 000. Experi-
mental results from a one-sided system with a convecting
upper boundary and a deep or no-flux bottom boundary
have given scalings closer to Nu# Ra0:8 [14,15].
Here we consider a fluid-saturated two-dimensional po-

rous mediumwith constant permeability! and porosity".
The domain is heated at the base and cooled at the top, and
the fluid satisfies a linear equation of state such that the
resulting density difference "# across the height of the
domain is unstable. The flow is incompressible and gov-
erned by Darcy’s law. We assume that there is negligible
heat transfer to the solid phase of the medium, and employ
a constant thermal diffusivity D. This system is therefore
analogous to purely compositionally-driven convection.
We introduce a stream function c to describe the fluid

velocity ðu;wÞ ¼ ðc z;$c xÞ, and nondimensionalize with
respect to the height of the domain H and the convective
velocity scale U ¼ !g"#=$, where $ is the viscosity of
the fluid, thus obtaining dimensionless equations

r2c ¼ $@T

@x
; (1)
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@t
þ @c
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@x
$ @c
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@T

@z
¼ 1

Ra
r2T: (2)

The Rayleigh number Ra is defined as Ra ) UH="D.
The dimensionless buoyancy flux is given by the Nusselt
number Nu ¼ hL$1

R
@T=@zjz¼0dxi, where L is the di-

mensionless aspect ratio and h i denotes a time average.
Nondimensionalizing in this way gives rise to Oð1Þ height,
temperature, velocity, and convective time scales, while
diffusive time and length scales are OðRa$1Þ.
Equations (1) and (2), are solved numerically, using a

spectral method for (1) and an alternating-direction im-
plicit method for (2). The diffusion and advection opera-
tors in (2) are discretized using standard second-order finite
differences and flux-conservative techniques, respectively.
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3. Optimal Transport with Fixed Enstrophy

In the second version of the optimal transport problem we investigate steady flows
with fixed enstrophy. Then equations (1.8)–(1.11) and (1.14) become

v ·r✓ = �✓ + w, (3.1)

r · v = 0, (3.2)

Pe =
⌦
|rv|

2

↵
, (3.3)

✓(x, 0) = ✓(x, 1) = 0, (3.4)

w(x, 0) = w(x, 1) = 0. (3.5)

Exactly as for the fixed-energy problem, simple analysis gives a relatively crude upper
bound of Nu: starting from (1.15),

Nu = 1 + hwT i = 1 + hw(T � 1/2)i 6 1 +
⌦
|w|2

↵
1/2

⌦
|T � 1/2|2

↵
1/2

6 1 +

⌦
|v|

2

↵
1/2

2
6 1 +

⌦
|rv|

2

↵
1/2

2⇡
= 1 +

Pe

2⇡
, (3.6)

where as before, incompressibility and the Cauchy-Schwarz inequality were used in the
first line and the maximum principle for the temperature was invoked to deduce the first
expression in the second line. Poincaré’s inequality was then applied to derive the second
term on the second line and (3.3) is used to get the final result. This upper bound is, as
will be seen, much too high for this problem.

3.1. Variational Formulation for Steady Flows

The variational formulation of the fixed-enstrophy problem involves maximizing Nu with
constraints (3.1)–(3.3) and boundary conditions (3.4)–(3.5). The relevant functional is

F =
D
w✓ � �(x, z) (v ·r✓ ��✓ � w) + p(x, z) (r · v) + µ

2

�
|rv|

2

� Pe2
�E

, (3.7)

where again, �(x, z), p(x, z), and µ are Lagrange multipliers. The Euler-Lagrange equa-
tions are

0 =
�F

�v
= (✓ + �) ẑ + ✓r��rp+ µ�v, (3.8)

0 =
�F

�✓
= v ·r�+��+ w, (3.9)

0 =
�F

��
= v ·r✓ ��✓ � w, (3.10)

0 =
�F

�p
= r · v, (3.11)

0 =
@F

@µ
=

⌦
|rv|

2

↵
� Pe2, (3.12)

where � vanishes at z = 0 and z = 1. To eliminate the surface term coming fromr·(vrv)
we can use either the free-slip (@u/@z = 0) or no-slip (u = 0) boundary conditions at
z = 0 and z = 1. Therefore, the full set of boundary conditions is

w(x, 0) = w(x, 1) = 0 (3.13)

✓(x, 0) = ✓(x, 1) = 0 (3.14)

�(x, 0) = �(x, 1) = 0 (3.15)
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x

Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)

Optimal transport with steady flow at fixed enstrophy:
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Subtracting (2.18) from (2.17) and using (2.14)–(2.15) then yields ✓ = �. Combining
(2.16) and (2.19) to eliminate the pressure we deduce

µ�w = 2 ✓
xx

, (2.20)

where, as usual, the x subscript indicates the partial derivative.
Along with equations (2.18)–(2.19) and boundary conditions (2.13)–(2.14) this can be

solved analytically in this small–Pe limit. Indeed, Fourier transforming in the x direction,
(2.18) and (2.20) become

(D2

z

� k2) ✓̂
k

(z) + ŵ
k

(z) = 0, (2.21)

µ(D2

z

� k2) ŵ
k

(z) + 2k2 ✓̂
k

(z) = 0, (2.22)

where D
z

= d/dz and ŵ
k

(z) and ✓̂
k

(z) are the Fourier coe�cients of w and ✓ with
horizontal wavenumber k. The solution is

ŵ
k

(z) = A
k

sin (m⇡z), (2.23)

✓̂
k

(z) = B
k

sin (m⇡z), (2.24)

where m is the vertical wavenumber, and A
k

and B
k

are still undetermined. Substituting
into (2.21) and (2.22) gives

µ = (2 k2)/(m2⇡2 + k2)2, (2.25)

A
k

= (m2⇡2 + k2)B
k

. (2.26)

Using equation (2.19), û
k

(z) is computed to be

û
k

(z) = i
m⇡

k
A

k

cos (m⇡z). (2.27)

Substituting (2.27) and (2.23) into (2.12) yields

⌦
|v|

2

↵
=

✓
A2

k

+
m2⇡2

k2
A2

k

◆
= Pe2 ) A

k

=
k

(m2⇡2 + k2)1/2
Pe (2.28)

which, along with (2.26), gives

B
k

=
k

(m2⇡2 + k2)3/2
Pe. (2.29)

Knowing A
k

and B
k

, Nu is obtained from (1.15):

Nu = 1 +A
k

B
k

= 1 +
k2

(m2⇡2 + k2)2
Pe2. (2.30)

Defining L as half of the (dimensionless) wavelength, we see that the periodic domain of
the solutions is � = ⇡/k. Then for a given parameter set (Pe,� = ⇡/k), Nu is maximized
at m = 1. As a result, using the notation defined in §1.2,

Nu
max

(Pe,� ) = 1 +
� 2

⇡2(� 2 + 1)2
Pe2. (2.31)

The largest value of Nu
max

(Pe,� ), i.e., Nu
MAX

, is achieved at �
opt

= 1:

Nu
MAX

(Pe) = 1 +
Pe2

4⇡2

. (2.32)

Note that (k,m) = (⇡, 1) corresponds to the maximum value of µ = 1/(2⇡)2 (see (2.25)).
Therefore, in the limit of small Pe (i.e., large µ) the maximum transport is realized by

1

1

0

________

Maximum principle & Cauchy-Schwarz yields NuMAX ≤ cPe

… but the ‘background method’ yields NuMAX ≤ cPe2/3
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Figure 4.2: Optimal stress-free solutions for different enstrophy budgets in the full domain.
The black contour lines are the streamlines and the colors represent the temperature field.
From left to right, top to bottom the Péclet numbers are 4.0⇥10
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4. The best known optimizers consist of a multiplicity of convection
cells for a fixed domain size as the enstrophy budget increases.
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Figure 4.4: Optimal stress-free solutions for different enstrophy budgets in a single cell.
The black contour lines are the streamlines and the colors represent the temperature field.
From left to right, top to bottom the Péclet numbers are 4.0⇥10
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4. The domain size in the horizontal x direction shrinks as the Péclet
number increases.
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Figure 4.6: Computed optimal Nusselt number (Nu) and aspect ratio (�) as a function of
the enstrophy budget (Pe), for stress-free boundary conditions. Top Left: Log-Log plot of
Pe vs Nu-1. Bottom Left: The instantaneous slope of the top left plot, Pe vs d log(Nu �
1)/(d log Pe). Top Right: Log-Log plot of Pe vs �. Bottom Right: The instantaneous slope
of the top right plot, Pe vs d log(�)/(d log Pe). The last instantaneous slope for the bottom
left plot is 0.582 and the last instantaneous slope for the bottom right plot is �0.339. The
largest computed value of Pe is 5.65⇥ 10

4 corresponding to a µ value of 2.4⇥ 10
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We consider wall-to-wall transport of a passive tracer by divergence-free velocity vector fieldsu. Given an
enstrophy budget hj∇uj2i ≤ Pe2 we construct steady two-dimensional flows that transport at rates NuðuÞ≳
Pe2=3=ðlog PeÞ4=3 in the large enstrophy limit. Combinedwith the known upper boundNuðuÞ≲ Pe2=3 for any
such enstrophy-constrained flow, we conclude that maximally transporting flows satisfy Nu ∼ Pe2=3 up to
possible logarithmic corrections. Combined with known transport bounds in the context of Rayleigh-Bénard
convection, this establishes that while suitable flows approaching the “ultimate” heat transport scaling
Nu ∼ Ra1=2 exist, they are not always realizable as buoyancy-driven flows.The result is obtainedby exploiting
a connection between the wall-to-wall optimal transport problem and a closely related class of singularly
perturbed variational problems arising in the study of energy-driven pattern formation in materials science.
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Introduction.—Modeling, measuring, and controlling the
transport properties of incompressible flows is a fundamental
aspect of fluid mechanics, with a myriad of applications in
engineering and the applied sciences. In some cases the
transport of heat or trace concentrations of impurities is
passive; i.e., the thermal energy or mass markers are carried
without essentially altering the flow. In other settings the
transport is active, as is the situation when heat or dissolved
mass alters the fluid density to produce buoyancy forces in
the presence of a gravitational field, or more generally for
momentum transport responsible for the transmission of drag
forces. In thisLetter,we study the primaryproblemof passive
tracer transport between parallel walls by a combination of
molecular diffusion and fluid advection, when the tracer
concentration is set at the walls to determine the maximum
transport increase over diffusion alone that incompressible
flows of a given intensity can induce. The results are of
interest in their own right, but they also have implications for
the active transport problem of buoyancy-driven turbulent
convection.
The mathematical formulation is as follows. The spatial

domain Ω is periodic in x and y with rigid walls at z ¼ 0
and z ¼ 1. The tracer field Tðx; y; z; tÞ, referred to as
temperature, satisfies the advection-diffusion equation

∂tT þ u ·∇T ¼ ΔT ð1Þ

in Ω with boundary conditions Tjz¼0 ¼ 1 and Tjz¼1 ¼ 0,
where u ¼ îuþ ĵvþ k̂w is an arbitrary divergence-free
velocity field with no-slip boundary conditions uj∂Ω ¼ 0.
These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
across the layer.

The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
are yet to be described.
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where u ¼ îuþ ĵvþ k̂w is an arbitrary divergence-free
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These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
across the layer.

The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
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In this Letter we explore the sharpness of this a pri-
ori upper bound insofar as its scaling is concerned. Our
methods shed light on the nature of maximally transport-
ing flows and make precise what is gained in the context
of bounds in RBC by enforcing the point-wise constraint
(1). To this end we construct steady no-slip incompress-
ible flows {uPe} such that

〈

|∇uPe|2
〉

≤ Pe2 and Nu(uPe) !
Pe2/3

(logPe)4/3
(4)

for all Pe ≫ 1 and conclude that maximally transporting
incompressible flows achieve Nu ∼ Pe2/3 up to possible
logarithmic corrections. To obtain the result we exploit
an interesting and perhaps somewhat unexpected con-
nection between the wall-to-wall optimal transport prob-
lem and optimal design problems arising in the study of
energy-driven pattern formation in materials science [9].
The rest of this Letter is organized as follows. First we

derive a variational formulation for the transport rate,
and then introduce a Lagrange multiplier for the enstro-
phy constraint to discover a direct analog of Howard’s
variational problem regarding RBC from [4] in the con-
text of wall-to-wall optimal transport. The resulting
problem is reminiscent of questions in materials science,
inspiring construction of the nearly optimal flows. We
end with further discussion of connections between fluid
dynamical and materials science variational problems.

Variational formulation for transport rates – We begin
our analysis of the enstrophy-constrained wall-to-wall op-
timal transport problem (2) by deriving variational for-
mulations for the rate of heat transport. Here we were
inspired by work concerning variational formulations for
the effective diffusivity in periodic homogenization [10].
(See also [11, 12].) The methods laid out there for pe-
riodic domains can be adapted to our wall-to-wall do-
main as well. For our purposes we may restrict attention
to steady two-dimensional (2D) velocity fields. Indeed,
maximal transport in the unsteady 3D case is no less
than the maximum in the steady 2D case.
The deviation θ = T+z−1 from the steady conductive

temperature profile satisfies

u ·∇θ = ∆θ + w (5)

with boundary conditions θ|∂Ω = 0. Then Nu(u)− 1 =
〈

|∇θ|2
〉

= ⟨wθ⟩ and we can state dual variational formu-
lations for the transport:

Nu(u)− 1 = min
η:η|∂Ω=0

〈

|∇η|2
〉

+
〈

|∇∆−1(−w + u ·∇η)|2
〉

(6)

= max
ξ:ξ|∂Ω=0

2 ⟨wξ⟩ −
〈

|∇∆−1u ·∇ξ|2
〉

−
〈

|∇ξ|2
〉

(7)

where ∆−1 is the inverse Laplacian operator with Dirich-
let boundary conditions on ∂Ω.

To see these introduce the adjoint to (5) and consider
the pair of equations

±u ·∇θ± = ∆θ± + w.

Then, ξ = 1
2 (θ+ + θ−) and η = 1

2 (θ+ − θ−) satisfy

u ·∇η = ∆ξ + w, (8)

u ·∇ξ = ∆η (9)

and either variable can be eliminated to produce

u ·∇∆−1u ·∇η = ∆η + u ·∇∆−1w, (10)

u ·∇∆−1u ·∇ξ = ∆ξ + w. (11)

These are the Euler-Lagrange equations for the well-
posed problems (6) and (7) so it remains only to verify
that the optimal pair (η, ξ) achieves the desired value of
Nu(u)− 1.
First consider the optimal η. Testing (9) against ξ

and integrating by parts shows that ∇ξ ⊥ ∇η in L2(Ω).
Hence,

Nu(u)− 1 =
〈

|∇θ+|2
〉

=
〈

|∇ξ|2
〉

+
〈

|∇η|2
〉

and as ξ is recovered from η through (8) this verifies the
primal result (6).
Next consider the optimal ξ. A similar integration by

parts argument involving (8) and (11) shows that w ⊥ η
in L2(Ω) and that

⟨wξ⟩ =
〈

|∇∆−1u ·∇ξ|2
〉

+
〈

|∇ξ|2
〉

. (12)

Therefore,

Nu(u)− 1 = ⟨wθ+⟩ = ⟨wξ⟩

and combining this with (12) gives the dual result (7).
The change of variables (θ+, θ−) ↔ (η, ξ) is key to

these formulations. This change of variables was also
used in the case of energy-constrained wall-to-wall opti-
mal transport [1] where it was observed that η depends
only on z permitting asymptotic solution of the Euler-
Lagrange equations. Such a simplification does not occur
in the enstrophy-constrained case; nevertheless, we can
still exploit (7) to deduce rigorous lower bounds.

Nearly optimal velocity fields – Introduce a Lagrangemul-
tiplier for the enstrophy constraint and consider

M(λ) = max
u

{

Nu(u)− λ2
〈

|∇u|2
〉}

for λ≪ 1. Then (7) and straightforward rescalings imply
that

M(λ)− 1 = max
a

{

2a− a2 · min
⟨wξ⟩=1

Eλ

a

(u, ξ)

}

where

Eϵ(u, ξ) =
〈

|∇∆−1u ·∇ξ|2
〉

+ ϵ
〈

|∇u|2 + |∇ξ|2
〉

. (13)
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aspect of fluid mechanics, with a myriad of applications in
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transport of heat or trace concentrations of impurities is
passive; i.e., the thermal energy or mass markers are carried
without essentially altering the flow. In other settings the
transport is active, as is the situation when heat or dissolved
mass alters the fluid density to produce buoyancy forces in
the presence of a gravitational field, or more generally for
momentum transport responsible for the transmission of drag
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tracer transport between parallel walls by a combination of
molecular diffusion and fluid advection, when the tracer
concentration is set at the walls to determine the maximum
transport increase over diffusion alone that incompressible
flows of a given intensity can induce. The results are of
interest in their own right, but they also have implications for
the active transport problem of buoyancy-driven turbulent
convection.
The mathematical formulation is as follows. The spatial

domain Ω is periodic in x and y with rigid walls at z ¼ 0
and z ¼ 1. The tracer field Tðx; y; z; tÞ, referred to as
temperature, satisfies the advection-diffusion equation

∂tT þ u ·∇T ¼ ΔT ð1Þ

in Ω with boundary conditions Tjz¼0 ¼ 1 and Tjz¼1 ¼ 0,
where u ¼ îuþ ĵvþ k̂w is an arbitrary divergence-free
velocity field with no-slip boundary conditions uj∂Ω ¼ 0.
These are dimensionless variables: lengths are measured in
units of h, time in units of h2=κ, and u in units of κ=h,
where h is the wall-to-wall distance and κ is the thermal
diffusivity. T is measured in units of the temperature drop
across the layer.

The Nusselt number Nu is a measure of enhancement of
wall-to-wall transport relative to pure conduction: it is the
ratio of total convective to conductive vertical heat flux
given here by

NuðuÞ ¼ 1þ hwTi; ð2Þ

where h·i indicates the long-time and space average. We are
concerned with the design of incompressible flows that,
subject to an intensity budget hj∇ × uj2i ¼ hj∇uj2i ≤ Pe2,
maximize wall-to-wall heat transport,

FðPeÞ ¼ max
hj∇uj2i≤Pe2

NuðuÞ: ð3Þ

The nondimensional Péclet number Pe is a measure of
advective intensity relative to that of diffusion and we take
it to be the (maximum allowable) root-mean-square rate of
strain, equivalent here to the square root of the mean
enstrophy. We are particularly interested in the behavior of
the maximal transport FðPeÞ as Pe → ∞.
Our motivation is twofold. First, while the wall-to-wall

optimal transport problem is both easy to state and natural
from a practical point of view—the power required to
sustain such a Newtonian fluid flow is proportional to its
mean-square rate of strain—it turns out to be quite
challenging to identify the salient properties of optimal
flows in the large enstrophy limit. In the energy-constrained
problem where the budget is set by the kinetic energy, the
optimal transport scaling is captured by a simple convec-
tion roll design [1]. The enstrophy-constrained problem
considered here is substantially more subtle: numerical
work [1,2] suggests that optimal flows are not simple
convection rolls, but instead more complex designs featur-
ing near-wall recirculation zones whose fine-scale features
are yet to be described.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
26 P. Hassanzadeh, G. P. Chini and C. R. Doering

where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|

2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are

Nu
max

(Ra,� ) = 1 + (K(� ))4/3 Ra1/3, (3.45)

Nu
MAX

(Ra) = 1 + 0.1152Ra5/12. (3.46)

Furthermore, using the rather crude estimates for the exponent of Pe in �
opt

(Pe) gives

�
opt

(Ra) ⇠ Ra�0.2546. (3.47)

Interestingly, � ⇠ k�1

⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).

Nu
MAX

(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Nu

max

(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger

1
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Figure 5. The numerically obtained Nu
max

as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Nu

max

(2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained Nu

MAX

(2.93). The thin black dashed line indicates the Pe2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce Nu

MAX

. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠
x

= 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 
x

= 0. (2.46)

The computational results suggest the ansatzen

 =  ̄(x) A

✓
1/2 + z

�

◆
A

✓
1/2� z

�

◆
, (2.47)

⇠ = ⇠̄(x) B

✓
1/2 + z

�

◆
B

✓
1/2� z

�

◆
, (2.48)

⌘ = ⌘̄(z) C

✓
1/2 + z

�

◆
C

✓
1/2� z

�

◆
, (2.49)

cPe2/3/(logPe)4/3  ≤ NuMAX ≤  c’Pe2/3

Rayleigh-Bénard convection:
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)
26 P. Hassanzadeh, G. P. Chini and C. R. Doering

where Pr is the fluid’s Prandtl number. Taking the inner product of (3.41) with v and
integrating over long time and over a domain with impermeable walls yields

0 =
⌦
|rv|

2

↵
+ Ra hwT i . (3.43)

Using the definition of Pe for the fixed enstrophy problems (1.14) and Nu (1.15) from
§1.1 this is

Pe2 = Ra (Nu � 1). (3.44)

The Nusselt number Nu is a function of Ra and as a result Pe is fixed for a given value of
Ra (as before the control parameter Ra depends on the fluid properties and the imposed
temperature di↵erence between the walls, and does not depend on the flow).

Employing (3.44) to replace Pe with Ra in (3.38) and (3.39), the bounds are
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Furthermore, using the rather crude estimates for the exponent of Pe in �
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(Pe) gives
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Interestingly, � ⇠ k�1

⇠ Ra�0.25 is the scaling of the smallest unstable mode for
Rayleigh-Bénard convection with free-slip boundaries.

Table 2 compares the bounds discovered here with the results of other analyses for
Rayleigh-Bénard convection. The classical marginally stable boundary layer argument
of Malkus (1954) and Howard (1964) predicts Nu ⇠ Ra1/3 uniformly in the Prandtl
number. On the other hand, the argument by Spiegel (1962) based on the assumption that
transport is limited by the ballistic motions across the bulk (see also Kraichnan (1962)),
suggests that Nu ⇠ (Pr Ra)1/2. While both these arguments are independent of the
spatial dimension and velocity boundary conditions, Whitehead & Doering (2011, 2012)
recently used the background method to prove that Nu . Ra5/12 uniformly in Pr for
free-slip boundaries for steady or unsteady two-dimensional Rayleigh-Bénard convection
(see also Otero (2002)) and for three-dimensional Rayleigh-Bénard convection between
free-slip boundaries at infinite Pr (see also Ierley et al. (2006)).
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(Ra) obtained in the approach adopted in this paper apparently has the same
scaling in Ra as the upper bounds obtained using the background method. This was also
the case for the fixed energy problem. For fixed � , Chini & Cox (2009) analyzed the
steady Rayleigh-Bénard convection in one cell and found that Nu ⇠ Ra1/3 in agreement
with the scaling of Nu

max

(Ra,� ) with Ra observed here. This agreement suggests that
steady Rayleigh-Bénard convection in a cell of fixed aspect ratio transports as much any
steady flow with a given amount of enstrophy, modulo prefactor.

4. Summary and Conclusions

In this work we have articulated some fundamental questions in fluid dynamics: How
much heat can be transported between impermeable fixed-temperature walls by incom-
pressible flows with a given amount of kinetic energy or enstrophy? What the optimal
velocity fields look like? We employed the calculus of variations to find flows that max-
imize the heat transport between the walls, answering these questions for steady 2D
flows with, in the fixed-enstrophy case, free-slip isothermal walls. For small energy or
enstrophy, the resulting nonlinear Euler-Lagrange equations were linearized and solved
analytically, revealing that the optimal flows are arrays of convection cells. For larger
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Figure 5. The numerically obtained Nu
max

as a function of Pe for various values of � (non-black
lines). The labels show (�,m). For each case, the (short) dashed line of the same color, visible for
most cases, shows the analytical Nu

max

(2.31) in the small–Pe limit. The thick black solid line
shows the absolute upper bound (2.6), and the thick black dashed line shows the analytically
obtained Nu

MAX

(2.93). The thin black dashed line indicates the Pe2/3 slope. Cases with � > 1
or m > 1 (green lines) do not produce Nu

MAX

. All results shown here have resolution M = 61.
Using a higher resolution M = 91 results in negligible di↵erence.

2.4. The Large–Pe Asymptotic Solution

The high–Pe (small µ) numerical solutions plotted in figure 6 (and in figure 2.7 of Has-
sanzadeh 2012) display some striking features:  is nearly independent of z in the bulk
and depends on x as cos (⇡x/� ) in both the bulk and boundary layers. And while ✓ and
� do not have such simple structure in the bulk or boundary layer, the variables

⇠(x, z) ⌘ �(x, z) + ✓(x, z), (2.42)

⌘(x, z) ⌘ ✓(x, z)� �(x, z), (2.43)

do: ⇠ (like  ) is nearly independent of z except close to the top and bottom boundaries
(i.e. inside the thin boundary layers) and that ⌘ is only a function of z everywhere
(see figure 6). This observation suggests rewriting the equations for ( , ⇠, ⌘) and using
matched asymptotic analysis to solve the resulting equations in the large–Pe limit.

Equations (2.33)–(2.35) imply that the equations for  , ⇠, and ⌘ are

�J(⇠, ⌘) + 2µ� + 2⇠
x

= 0, (2.44)

J( , ⇠) +�⌘ = 0, (2.45)

J( , ⌘) +�⇠ � 2 
x

= 0. (2.46)

The computational results suggest the ansatzen
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◆
, (2.47)
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◆
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◆
, (2.48)
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◆
, (2.49)
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Rayleigh-Bénard convection is the buoyancy-driven
flow of a fluid heated from below and cooled from above.
It is important for a variety of systems in the engineering,
geophysical, and astrophysical sciences, and it has long
served as a fundamental paradigm of nonlinear science,
chaos, and pattern formation. Indeed, the Boussinesq
approximation to the Navier-Stokes equations with the
boundary conditions analyzed in this Letter was
Rayleigh’s original model for calculating conditions for
onset [1], it is the basis of the Lorenz equations [2], and it
formed the foundation of developments in the modern
mathematical theory of amplitude [3] and modulation [4]
equations. Most recently, Rayleigh-Bénard convection has
been the focus of a large body of experimental, computa-
tional, theoretical, and mathematical research aimed at
characterizing the fully turbulent dynamics for application
in geophysical and astrophysical regimes [5].

Convective fluid flow increases vertical heat transport
beyond the purely conductive flux. The dimensionless
enhancement factor, the Nusselt number Nu, is both of
fundamental interest for applications and the natural and
widely recognized measure of the intensity and effective-
ness of the motion. The most basic question for Rayleigh-
Bénard convection is the dependence of Nu on (i) the
strength of the thermal forcing, commonly expressed in
terms of a dimensionless Rayleigh number Ra, (ii) the
material properties of the fluid, which within the
Boussinesq approximation is set by the dimensionless
Prandtl number Pr, the ratio of the fluid’s momentum and
thermal diffusion coefficients, (iii) the geometry, typically
the aspect ratio of the container, and (iv) the boundary
conditions. The connection between these variables is
generally complex and often not even unique, but in the
‘‘ultimate’’ high Rayleigh number regime when the flow is
turbulent, the presumed functional relation between the
Nu, Pr, and Ra is Nu" Pr!Ra". Experiments and simula-
tions with Pr ¼ Oð1Þ and no-slip boundary conditions

suggest a scaling exponent 0:27 & " & 0:40 at the highest
available Ra [5,6]. Various theories suggest (modulo pos-
sible logarithmic corrections) that Nu" Pr1=2Ra1=2 as
Ra ! 1 [7–9]. Rigorous analyses of the Boussinesq model
with no-slip velocity and isothermal (fixed temperature)
[10,11] or fixed heat flux [12] or mixed temperature [13]
boundary conditions yield upper bounds of the form
Nu ! cRa1=2 with prefactors 0< c <1 independent of
Pr, so " ¼ 1

2 and ! ¼ 1
2 cannot both hold for very large

Pr. The Nu-Ra relation is certainly different at Pr ¼ 1
where theory suggests [14] and analysis proves [15] (mod-
ulo possible logarithmic corrections) that Nu & Ra1=3.
Two-dimensional Rayleigh-Bénard convection displays

many of the physical and turbulent transport features of
three dimensional convection and has long been utilized as
a test-bed for theoretical concepts [16,17]. The effect of
free-slip (no-stress) velocity boundary conditions on de-
veloped turbulent convection has largely been unexplored
although we note that the rigorous scaling bound reported
here was anticipated by recent numerical and perturbative
investigations of transport limits for finite [18] and infinite
[19,20] Prandtl numbers. This Letter bridges that gap with
a proof that Nu ! 0:2891Ra5=12 uniformly in 0< Pr ! 1
for the Boussinesq model in two spatial dimensions with
fixed-temperature and free-slip boundaries. This result
refutes predictions of aNu" Ra1=2 ultimate regime insofar
as the theoretical arguments do not refer specifically to the
boundary conditions or the spatial dimension. This issue is
discussed further in the conclusion section at the end of the
Letter. Meanwhile the proof of the bound is presented in
sufficient detail immediately below for motivated readers
to reproduce the calculation in its entirety. The key new
idea used to derive the result emerged from intuition
developed in numerical studies of upper bounds [18,19]:
implement and exploit the bulk averaged enstrophy
balance available for two-dimensional flows with free-
slip boundaries to decrease the upper bound.
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Applying the horizontal Fourier transform and introduc-
ing the shorthand D ¼ d

dy , it is evident that positivity ofQ
is equivalent to the positivity of

Q k ¼ kD!̂kk2 þ k2k!̂kk2 þ
a

Ra3=2
kD!̂kk2
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"
(14)

for each horizontal wave number k where k %k is now the
L2 norm on complex valued functions of y 2 ½0; 1' and
Ref%g indicates the real part of a complex quantity. The
Cauchy-Schwarz and Young inequalities imply
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so dropping the manifestly non-negative term kD!̂kk2,
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Restricting a2 < 4b, the task is to dominate the indefinite
boundary layer integrals by the positive definite terms.

The Fourier coefficients of the vertical velocity and
vorticity (suppressing the time dependence) are related by

ik!̂kðyÞ ¼ D2v̂kðyÞ $ k2v̂kðyÞ: (17)

Integrating the modulus squared of both sides with a
simple integration by parts implies

k2k!̂kk22 ¼ kD2vkk2 þ 2k2kDvkk2 þ k4kvkk2: (18)

On the other hand, integration by parts and the Cauchy-
Schwarz and Young inequalities yield
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so that, combining (18) and (19),
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so 9y0 2 ð0; 1Þ such that RefDv̂kðy0Þg ¼ 0. The funda-
mental theorem of calculus followed by application of
the Cauchy-Schwarz and Young inequalities imply
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A similar pointwise bound holds for the imaginary part of
Dv̂kðyÞ so its modulus squared satisfies
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Thus, integrating Dv̂k from 0 to y or from 1$ y to 1 and
applying Hölder’s inequality, it is evident that
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Because !̂kðyÞ vanishes at y ¼ 0 and 1, applications of
the fundamental theorem of calculus and Cauchy-Schwarz
inequality yield the pointwise bounds
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Using (24)–(26), we conclude

1

#

########
Z #

0
v̂kðyÞ!̂#kðyÞdyþ

Z 1

1$#
v̂kðyÞ!̂#kðyÞdy

########

( 33=2

52 , 22
k#3k!̂kk2 þ kD!̂kk2: (27)

Hence Qk ) 0 is guaranteed by a # small enough that

ak2

Ra3=2
þ 1

Ra

%
b$ a2

4

&
$ 33=2k

52 , 22
#3 ) 0: (28)

Inserting a ¼ 2ffiffiffiffi
15

p and b ¼ 1
5 into (28)—chosen to minimize

the prefactor in the bound—and minimizing the suitable #

over k, this is satisfied by choosing # ¼ 24=3%55=12
33=4

Ra$5=12

where k ¼ 1
31=4%51=4 Ra

1=4 is the minimizing wave number.

Inserting these # and b into (13) we see that for Ra> 33:57
(actually for Ra> 27

4 $
4)

Nu ( 57=12 , 33=4

213=3
Ra5=12 $ 1

4
& 0:2891Ra5=12: (29)

FIG. 2. Background profile with boundary layers of thickness
0< # ( 1

2 in which "0ðyÞ ¼ $ 1
2# ; "

0ðyÞ - 0 for #<y< 1$ #.
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Figure 1. Schematic of the configuration. The top and bottom boundaries are impermeable
and held at fixed temperatures.

no-slip and free-slip conditions. The physical significance of the second expression is that,
when multiplied by viscosity, it yields the viscous energy dissipation rate for Newtonian
fluids in these domains. Hence the enstrophy constraint is natural in situations where a
power budget limits the strength of the flow.

We nondimensionalize the system using the spacing between the walls h and the dif-
fusion time scale h2/. The dimensionless temperature is naturally (T � T

t

)/(T
b

� T
t

)
taking values 1 and 0 on the bottom and top boundaries. The (dimensionless) Pećlet
number Pe, measuring the relative strength of the flow, is the ratio of the di↵usive time
scale to the advective time scale (i.e. a measure of the strength of advection relative to
di↵usion). For the problem with fixed energy we define

Pe ⌘ Uh/, (1.5)

and for the problem with fixed enstrophy,

Pe ⌘ ⌦h2/. (1.6)

We also define the aspect ratio � as

� ⌘ L/h. (1.7)

In the absence of advection (when v = 0) the transport is purely conductive with steady
temperature field 1 � z so we define the dimensionless temperature deviation variable
✓ ⌘ (T � T

t

)/(T
b

� T
t

)� 1 + z which vanishes on the boundaries. Hereafter all variables
(i.e. v, T , ✓, x, z, t) are dimensionless.
Non-dimensionalizing equations (1.1)–(1.2) and the boundary conditions yields

✓̇ + v ·r✓ = �✓ + w, (1.8)

r · v = 0, (1.9)

✓(x, 0, t) = ✓(x, 1, t) = 0, (1.10)

w(x, 0, t) = w(x, 1, t) = 0. (1.11)

Define the long time-space average by angle brackets h·i:

ha(x, z, t)i ⌘ lim
t!1

1

t

Z
t

0

⇢
1

�

Z

D

a(x, z, s) dx dz

�
ds. (1.12)

The fixed energy constraint (1.3) is then

Pe =
⌦
|v|

2

↵
, (1.13)
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Figure 10. The numerically obtained Nu
max

as a function of Pe for various values of � (blue
and red lines). The labels show (� ). For each case, the short dashed line of the same color,
visible for most cases, shows the analytical Nu

max

(3.24) in the small–Pe limit. The thick black
solid line shows the absolute upper bound (3.6), and the thick black dashed line shows a fit to
the envelope (i.e. Nu

MAX

) (see equation (3.39)). The thin black dashed line indicates the Pe1/2

slope. All numerical results started with linear solutions with m = 1 and all results shown here
have resolution M = 61. Using a higher resolution M = 81 results in negligible changes to the
plot.

albeit in the Péclet number scaling in this case. For fixed � , we observe that

Nu
max

(Pe,� ) = 1 +K(� )Pe1/2, (3.38)

where K(� ) is a prefactor that can be determined from the numerical results. A fit to
the envelope made by the largest values of Nu

max

gives

Nu
MAX

(Pe) = 1 + 0.2175Pe0.58. (3.39)

The rigorous bound for two-dimensional Rayleigh-Bénard convection (a fixed-enstrophy
problem §3.4) with free-slip boundaries is Nu . Ra5/12 (Whitehead & Doering 2011),
which interpreted in term of Pe using (3.44) gives Nu ⇠ Pe10/17. Therefore, we conjecture
that the measured exponent 0.58 in (3.39) is really 0.5882 · · · = 10/17. Note that this
scaling is only valid for moderate and large values of Pe.

More data points in � , especially for smaller � , are needed to determine �
opt

(Pe)
accurately from the numerical results. Using just three points in the wide range of Pe =
1701� 4.1⇥ 104, though, we obtain estimates �0.361 and �0.358 for the exponent of Pe
in the scaling of �

opt

(Pe).

3.4. Example: Application to Rayleigh-Bénard Convection

Classical Rayleigh-Bénard convection in a layer of fluid heated from below and cooled
from above is, at least in the steady case, an example of transport with fixed enstrophy.
Rayleigh (1916) modeled this problem with the Boussinesq equations

r · v = 0, (3.40)
1

Pr
(v̇ + v ·rv) = �rp+�v + Ra T ẑ, (3.41)

Ṫ + v ·rT = �T, (3.42)

1

Rayleigh-Bénard convection:

Can natural convection realize Nu ~ NuMAX ~Ra1/2 (mod logs) ?
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