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While depletion interaction, e.g., between two plates in an equilibrium system (such as a colloidal solution) is an attraction, we show how colloids driven by a colored Ornstein-Uhlenbeck
noise may leave to the counter-intuitive opposite effect. This is due to the accumulation of lackadaisical particles in the gap between plates. The underlying physical effect is the 

difference between white noise drive, which sets particle energy fluctuations of order kT (Boltzmann limit), and colored noise drive with long persistence time, which controls particle 
propulsion ("pushing") force (Sisyphus limit). 



Zeroes of Rieman ζ-function?

74, 76, 80, 99, 106, 111, 119…



Analogies
what I will not consider in this talk

Random images from the internet

Quorum sensing (interactions!)

This image is not 
related to the subject 
of the talk, but very 

cute…

I will consider single particle 
(ideal gas) physics only 



How microbes move: Run-and-Tumble

Michael T. Madigan, John M. Martinko, Kelly S. Bender, Daniel H. Buckley, David A. Stahl, Thomas Brock
Brock Biology of Microorganisms (14th Edition)

From afar, it looks like 
what they do is nothing but 
a random walk…

Osmotic pressure?

Depletion interaction?



Single particle phenomenon 1: 
distribution of bacteria in a structure with a funnel wall

Peter Galajda, Juan Keymer, Paul Chaikin, and Robert 
Austin “A Wall of Funnels Concentrates Swimming 
Bacteria” J. Bacteriol. 2007; v. 189  p. 8704-8707

Figure 1

Figure 2



Single particle phenomenon 2



Many papers…

2017, 043203



Model
Ornstein-Uhlenbeck

External force f(x), assumed potential

Colored driving noise violates 
Fluctuation-Dissipation theorem

Mathematical trick: pretend there is hidden white noise source ξ(t):

• η is propulsion force
• overall power in η the same 

as in ξ
• This trick is known, it is not our invention



From Langevin to Fokker-Planck

Drift in 
x

Drift in 
η

Diffusion in 
η

No diffusion in x!!!



Exactly solvable model
“harmonic oscillator”



Subtlety: time reversal signature of η

… propulsion force.

Loopy probability 
currents do indicate 
lack of equilibrium

η is …
… swimming speed.

Loopy probability 
currents do not 

indicate deviations 
from equilibrium

See on this also recent paper by C.Marchetti

Do not rush to integrate η out!!!



Similarity and difference with shear flow

Wi=2

Main difference: 
diffusion in x



Boltzmann limit vs Sisyphus limit
energy control vs. force control

Boltzmann τ->0:

Sisyphus, τ>>ζ/k:



Pressure



Pressure: comparison with equilibrium system
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Potential field

Non-potential field



Flat bottom model

Theorem: in a “bulk”



Particles in the narrow gap are 
“lackadaisical”

Narrow bulk 
reduces pressure

If we neglect 
diffusion 

altogether



Asymmetrical potential generates flow

Similar to: M. O. Magnasco, 
Forced Thermal Ratchets, 

Phys. Rev. Lett. 71,
1477 (1993).

Although energy barriers are the 
same in both directions, force 

barriers are relevant in Sisyphus 
limit, and they are different



Solvable model of a pump

Although energy barriers 
LEFT and RIGHT are the same 
in Sisyphus limit FORCE 
barriers are different….



Narrowly spaced barriers repel

Particles in the gap 
are lackadaisical, 
but there are many 
of them



Solvable model of repulsive depletion

Although energy barriers IN 
and OUT are the same in 
Sisyphus limit FORCE barriers 
are different….



Laplace pressure?

It does look like 
Laplace pressure, 
because it is ~1/R 
(inevitable result of 
expansion), but there 
is no surface tension



Conclusions
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