
of axon. This was not an inconsequential agreement, given his
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dings, he revealed that the granule cell dendrites were liber-

ally endowedwith small outcroppings which he called spines,
in analogy with the same structures he had seen on Purkinje
cells in the cerebellum.

In the absence of an axon arising from the granule cell,
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The intimidatingly diverse space of smells

• There are many volatile 
molecules, more than 10,000 
at least

• Typical natural odors are 
mixtures of ~50 molecular 
species, so that there are 
~(10,000)50 natural smells

• The odor environment 
changes, reflecting changing 
seasons and circumstances, 
new opportunities, and new 
threats

• Olfaction = a system for 
feeling the shape of molecules
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Encoding and decoding smells

• Odors are sensed when 
molecules bind to olfactory 
receptors in the nose

• Every receptor has a separate 
gene: O(100) in fly, O(300) in 
human, O(1000) in mouse and 
dog, O(2000) in elephant.

• How can you possibly represent 
such a vast odor space with so 
few responses?

• Required invariance: distance 
between odors

(x,y,z)

3d x

1d

 high dimensional
odor space
(d ~ 10000)

 low dimensional
response space

(d ~ 500)

Strategy:  adaptation to the 
environment to commit 
limited resources effectively.
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Natural odors are sparse in 
“chemotopic” space

Geometry of olfactory mixture space 

A union of  K-dimensional 
hyperplanes in an N-dimensional 
space of volatile molecules. Odors 
are complex (1 << K) but sparse (K 
<< N).
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Can recover x from y as long as 
x is known to be sparse

Distances in the odor 
space will be preserved 
in the neural space

Decoding
Find a vector x such that 
y= A x (where y is the
measured output), and x 
minimizes the L1 norm.
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Natural odours are sparse 
in “chemotopic” space



Olfaction & Compressive Sensing?
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The typical odor contains 
maybe ~50 of the tens of 
thousands of possible 
molecules 

If each receptor binds with “random” affinities to volatile molecules 
then you  only need ~O(100) sensors to represent all odors.    

Does the olfactory system use this approach?

Krishnamurthy, Hermundstad, Walczak, Mora, VB



Nonlinear receptor responses from competitive binding 
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Competitive model predicts measurements

• Measure dose response curves 
and fit the CB model

• Predict responses to mixtures

• Predictions match data for 
most receptors

• CB model is better than a 
linear (summation) model

Singh, Murphy, Mainland, Balasubramanian
PNAS 2019
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Linearized model of responses 

• Receptor dose-response curves 
are nonlinear

• Responses to mixtures can 
show nonlinear effects (e.g. 
synergy, overshadowing, 
suppression)

• We will linearize around an 
operating point
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Figure 1: Sketch of the olfactory periphery as described in our model. (a) Brief overview of the anatomy of
the olfactory epithelium and bulb in vertebrates. Di↵erent receptor types are represented by di↵erent colors.
The architecture is similar in insects, with the antenna olfactory sensory neurons located in the antenna
instead of the epithelium, the glomeruli located in the antennal lobes, and the olfactory signal proceeding
downstream to the mushroom body instead of the cortex. (b) Illustration of the relation between odors and
the response of the olfactory periphery in our model. The environment is represented using an “environment
vector”, shown here for concreteness as a vector of concentrations for each volatile molecule. The glomerular
responses are calculated using a linear model based on a “sensing matrix” (see eq. (1)). The noise in the
response vector depends on the number of receptor of each type, illustrated in the figure by the size of the
corresponding glomerulus.
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where P (r, c) is the joint probability distribution over
both environment and response vectors, P (r|c) is the
distribution of responses conditioned on the environ-
ment, and P (r) is the marginal distribution of the
responses alone. Given the Gaussianity assumption
we made, all of these distributions are Gaussian, and
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the response of the olfactory periphery in our model. The environment is represented using an “environment
vector”, shown here for concreteness as a vector of concentrations for each volatile molecule. The glomerular
responses are calculated using a linear model based on a “sensing matrix” (see eq. (1)). The noise in the
response vector depends on the number of receptor of each type, illustrated in the figure by the size of the
corresponding glomerulus.
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FIG. 2. Disordered sensing by ORNs enables accurate
decoding of complex mixtures. (A) Error in decoding
mixture composition from subsets of ORN responses, as a
function of mixture complexity K (i.e. number of mixture
components) and ORN subset size n. Results are averaged
over 500 odor mixtures of a given complexity, and 50 subsets
of a given size. (B) Response matrices for Drosophila ORNs
(measured and scrambled), labeled-line and Gaussian models
(see text for details). (C) Error in decoding complex mix-
tures from 24 ORNs as a function of mixture complexity K,
shown for ORN responses (solid green), a scrambled version of
ORN responses (dashed green), and two idealized models (the
Gaussian random model, dashed black, and the labeled-line
model, dashed gray). Results are averaged over 500 odor mix-
tures of a given complexity. Results from scrambled, Gaus-
sian, and labeled-line models are additionally averaged over
100 model instantiations.

ever, we can instead create an artificial benchmark in
which mixtures ~x lead to responses ~y via ~y = R(2)~x,
where R(2) represents a matrix of artificial glomerular
responses obtained by transforming experimentally mea-
sured ORN responses to an odor panel in [12] via divisive
normalization (see Appendix B). Quantitatively, 67% of
mixtures with 7 or fewer components drawn from 110
odorants can be accurately decoded from the responses

of 24 glomeruli, while similar accuracy was achieved for
mixtures with only 5 components when decoding from
ORNs (Fig. 3B). Because the number of possible mix-
tures increases combinatorially with the number of mix-
ture components, this is a substantial improvement. A
similar analysis shows that applying the divisive normal-
ization to the labeled-line and Gaussian random models
yields no improvement in decoding relative to the recep-
tor stage (Fig. 3B).
As with decoding from ORNs, scrambling the re-

sponses over glomeruli and odors leads to identical de-
coding performance (Fig. 3B), again suggesting that only
the broad distribution of responses is important for the
odor representation. Weak responses remain informa-
tive; we again find that thresholding the response matrix
degrades performance (Fig. 5). Finally, we confirmed
that our conclusions do not depend on details of the di-
visive normalization, but found, interestingly, that the
experimentally-measured parameters [18] of this trans-
formation minimize decoding error relative to other pa-
rameter choices (Fig. 7).
An alternative way of assessing the quality of a sen-

sory representation is to ask how well it supports flexi-
ble associations between odors and valence. To this end,
we randomly labeled mixtures “appetitive” or “aversive”,
and we trained a linear classifier to identify these labels
from ORN and fully nonlinear glomerular responses (Ap-
pendix C). Surprisingly, performance was poor (Fig. 3C),
even though mixture compositions can be accurately de-
coded from these responses (Fig. 2C & 3B). We conclude
that although these first stages of processing retain nearly
complete information about odor mixtures, this informa-
tion is not readily usable for learning.

C. Disordered projections reorganize odor
information to facilitate flexible learning

Although early stages of olfactory processing appar-
ently do not support flexible learning, we know empir-
ically that the representation at the third stage in the
pathway can support such learning (fly: [20, 21]; mam-
mal: [4]). How is odor information reorganized to achieve
this?
In both insects and mammals, the transformation from

the second to third stage of olfactory processing has two
notable features: (i) expansive and disordered projec-
tions that distribute odor information across a large num-
ber of cells [22, 23], and (ii) nonlinearities that sparsify
responses [24, 25]. As a result, an odor is represented
by a sparse pattern of activity distributed broadly across
cells in the third stage. We expect from general theory
that this transformation should facilitate flexible associa-
tions between odor signals and valence [26–29]. Here, we
propose that two additional sources of disorder – densifi-
cation achieved at earlier stages, and lack of structure in
the connectivity patterns – allow such associations to be
learned from small groups of neurons drawn arbitrarily
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Compressive decoding

• Linearize the sensing, assuming 
odors have K components

• Generate responses and decode 
using the “L1 decoding” of 
compressive sensing

• Performance comes close to an 
ideal random sensor

• A labeled line encoder does 
worse; a scrambled encoder 
does the same



Extending the sensing matrix

Statistically extend the measured 
sensing matrix to have more 
receptors responding to more odors

Histograms of 
firing rates 

Data Synthetic

Eigenvalues of 
covariance matrix



Distortion

Distances between odors are preserved

color = 
fraction of 
responses 
above
threshold

50-component odors

216 receptors

• Distortion = fractional change in 
distance

• With ~200 receptors distortion 
is low even for complex odors 
and a sparse sensing matrix

• Perhaps this explains the 
“operating point” for all animals: a 
few hundred diffusely binding 
receptor types. 

• Hypothesis: the number of 
olfactory receptor types in 
animals is adapted to the sparse 
structure of natural odors.



Well-adapted receptor repertoire
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Tesileanu, Cocco, Monasson, VB,  eLife 2019

If the number of receptor types is adapted to the sparse structure of 
natural odors, what about the fraction of receptors of each type?



• Framework: maximize information about odor 
environment from olfactory receptor response

• Simple model: Gaussian distribution of odorant 
concentrations, linear receptor response

Theory:  Well-adapted receptor distribution

~c ⇠ N (~c0,�) rj =
X

i

Sjici +
�p
Kj

⌘j

noise

number of receptors 
of type j

sensing matrixMaximize mutual information
between responses and 
odor distribution



Effects of the olfactory environment 
on a well-adapted repertoire

odor 
environments
with different 
covariance
structure

are still correlated with the diagonal elements of Q!1, despite the presence of large off-diagonal

components. Because of the matrix inversion in Q!1, the optimal abundance for each receptor type

is affected in this case by the full covariance structure of all the responses and not just by the vari-

ance Qaa of the receptor itself. Mathematically, this is because the diagonal elements of Q!1 are

functions of all the variances and covariances in the overlap matrix Q. This dependence of each

abundance on the full covariance translates to a complex context-dependence whereby changing

the same ligand in different background environments can lead to very different adapted distribu-

tions of receptors. In Appendix 6 we show that the correlation with the inverse overlap matrix has an

intuitive interpretation: receptors which either do not fluctuate much or whose values can be

guessed based on the responses of other receptors should have low abundances.

Environmental changes lead to complex patterns of OSN abundance
changes
To investigate how the structure of the optimal receptor repertoire varies with the olfactory environ-

ment, we first constructed a background in which the concentrations of 110 odorants were distrib-

uted according to a Gaussian with a randomly chosen covariance matrix (e.g., Figure 4a; see

Appendix 4 for details). From this base, we generated two different environments by adding a large

variance to 10 odorants in environment 1, and to 10 different odorants in environment 2
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Figure 4. Effect of changing environment on the optimal receptor distribution. (a) An example of an environment with a random odor covariance matrix

with a tunable amount of cross-correlation (details in Appendix 4). The variances are drawn from a lognormal distribution. (b) Close-ups showing some

differences between the two environments used to generate results in (c and d). The two covariance matrices are obtained by adding a large variance

to two different sets of 10 odorants (out of 110) in the matrix from (a). The altered odorants are identified by yellow crosses; their variances go above

the color scale on the plots by a factor of more than 60. (c) Change in receptor distribution when going from environment 1 to environment 2, in

conditions where the total number of receptor neurons Ktot is large (in this case, Ktot ¼ 40 000), and thus the SNR is high. The blue diamonds on the left

correspond to the optimal OSN fractions per receptor type in the first environment, while the orange diamonds on the right correspond to the second

environment. In this high-SNR regime, the effect of the environment is small, because in both environments the optimal receptor distribution is close to

uniform. (d) When the total number of neurons Ktot is small (Ktot ¼ 100 here) and the SNR is low, changing the environment can have a dramatic effect

on optimal receptor abundances, with some receptors that are almost vanishing in one setting becoming highly abundant in the other, and vice versa.
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differences between the two environments used to generate results in (c and d). The two covariance matrices are obtained by adding a large variance

to two different sets of 10 odorants (out of 110) in the matrix from (a). The altered odorants are identified by yellow crosses; their variances go above

the color scale on the plots by a factor of more than 60. (c) Change in receptor distribution when going from environment 1 to environment 2, in

conditions where the total number of receptor neurons Ktot is large (in this case, Ktot ¼ 40 000), and thus the SNR is high. The blue diamonds on the left
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Teşileanu et al. eLife 2019;8:e39279. DOI: https://doi.org/10.7554/eLife.39279 10 of 39

Research article Physics of Living Systems



abundances between two different environments with random covariance matrices constructed as

described above. We ran the simulations 24 times, modifying the odor environments each time by

adding a small amount of Gaussian random noise to the square roots of these covariance matrices

to model small perturbations (details in Appendix 4; range bars in Figure 6b). The results show that

the abundances of already numerous receptors do not change much, while there is more change for

less numerous receptors. The frequencies of rare receptors can change dramatically, but are also

more sensitive to perturbations of the environment (large range bars in Figure 6b).
These results qualitatively match experiment (Figure 6a), where we see the same pattern of the

largest reproducible changes occurring for receptors with intermediate abundances. The experimen-

tal data is based on receptor abundance measured by RNAseq which is a proxy for counting OSN

numbers (Ibarra-Soria et al., 2017). In our model, the distinction between receptor numbers and

OSN numbers is immaterial because a change in the number of receptors expressed per neuron has

the same effect as a change in neuron numbers. In general, additional experiments are needed to

measure both the number of receptors per neuron and the number of neurons for each receptor
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Figure 6. Qualitative comparison between experiment and theory. (a) Panel reproduced from raw data in Ibarra-Soria et al. (2017), showing the log-

ratio between receptor abundances in the mouse epithelium in the test environment (where four odorants were added to the water supply) and those

in the control environment, plotted against values in control conditions (on a log scale). The error bars show standard deviation across six individuals.

Compared to Figure 5B in Ibarra-Soria et al. (2017), this plot does not use a Bayesian estimation technique that shrinks ratios of abundances of rare

receptors toward 1 (personal communication with Professor Darren Logan, June 2017). (b) A similar plot produced in our model using mouse and

human receptor response curves (Saito et al., 2009). The error bars show the range of variation found in the optimal receptor distribution when slightly

perturbing the two environments (see the text). The simulation includes 59 receptor types for which response curves were measured (Saito et al.,

2009), compared to 1115 receptor types assayed in Ibarra-Soria et al. (2017). Our simulations used Ktot ¼ 2000 total OSNs.
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Figure 1: Sketch of the olfactory periphery as described in our model. (a) Brief overview of the anatomy of
the olfactory epithelium and bulb in vertebrates. Di↵erent receptor types are represented by di↵erent colors.
The architecture is similar in insects, with the antenna olfactory sensory neurons located in the antenna
instead of the epithelium, the glomeruli located in the antennal lobes, and the olfactory signal proceeding
downstream to the mushroom body instead of the cortex. (b) Illustration of the relation between odors and
the response of the olfactory periphery in our model. The environment is represented using an “environment
vector”, shown here for concreteness as a vector of concentrations for each volatile molecule. The glomerular
responses are calculated using a linear model based on a “sensing matrix” (see eq. (1)). The noise in the
response vector depends on the number of receptor of each type, illustrated in the figure by the size of the
corresponding glomerulus.
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where P (r, c) is the joint probability distribution over
both environment and response vectors, P (r|c) is the
distribution of responses conditioned on the environ-
ment, and P (r) is the marginal distribution of the
responses alone. Given the Gaussianity assumption
we made, all of these distributions are Gaussian, and
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where A is the inverse of the overlap matrix Q,
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instead of the epithelium, the glomeruli located in the antennal lobes, and the olfactory signal proceeding
downstream to the mushroom body instead of the cortex. (b) Illustration of the relation between odors and
the response of the olfactory periphery in our model. The environment is represented using an “environment
vector”, shown here for concreteness as a vector of concentrations for each volatile molecule. The glomerular
responses are calculated using a linear model based on a “sensing matrix” (see eq. (1)). The noise in the
response vector depends on the number of receptor of each type, illustrated in the figure by the size of the
corresponding glomerulus.
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Estimation by elimination: binary receptors

• At high noise, receptors are binary: above or below threshold

• Identify inactive receptors.  Eliminate odors that bind to them. 
All other odors are present.

• Approximate theory:
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Fig. 1. Binary response model: When noise is high, a receptor is considered
active only if an odorant that binds to it is present at high concentration. In this regime,
the odorant concentration and receptor response can be represented as binary vectors.
Odorants that are present in the mixture and receptors that are active are depicted
as filled blue squares. The elements of the sensing matrix provide information about
receptor-odorant interactions. A filled blue matrix element indicates an odorant that
binds to a receptor. (a) Encoding: A receptor is active if the odor mixture contains at
least one odorant that binds to the receptor. Otherwise the receptor is inactive. (b)
Decoding: (Step 1) First, odorants that are absent from the mixture are identified by
using receptors that are inactive, (Step 2) All remaining odorants are considered to be
present in the odor. (c) The probability of correct decoding (P (ĉ = c)) plotted as a
function of the number of receptors (NR). Markers are numerical simulations, smooth
curve is the approximate analytical result (Eq. S8). P (ĉ = c) was measured as the
fraction of correct decodings over 1000 trials, each conducted with a random choice
of odor mixture and sensitivity matrix (see SI). Mean and error bar (±1 standard
deviation) were computed over 10 replicate simulations, each with 1000 trials. (d)
P (ĉ = c) plotted as a function of the average number of odorants present in the odor
mixture (K) and the average number of receptors responding to an odorant (s ú NR),
with the number of receptors (NR) and the number of odorants (NL) held fixed. We
are plotting P (ĉ = c) as a function of the product s ú NR, since the parameters s
and NR always appear in this combination (in Eq. 2 and Eq. S8). s ú NR, which is
the average number of receptor a typical odorant binds to, determines whether the
odorant can be detected or not. P (ĉ = c) was calculated numerically over 10000
trials, each with a random choice of odor mixture and sensitivity matrix. The smooth
curve in white denotes an approximate boundary of the transition region of P (ĉ = c)

estimated by setting the analytical expression Eq. 2 to half.

(cj = 1) all receptors that bind to it will respond. Hence, the
decoded concentration ĉj will not be set to zero.

However, false positives are possible. This is because an
odorant could be absent, while all receptors that bind to it
have a non-zero response because of other odorants present
in the mixture. Thus, through lack of evidence, ĉj will be
set to 1. We can derive an approximate expression for the
probability of false positives (see SI: Binary decoder):

P (ĉi = 1|ci = 0) ¥ e≠sNRe≠sK

. [1]

We can also derive an expression for the probability of correct
estimation assuming that each odorant can be estimated inde-
pendently of the others (SI: Binary decoder Eq. S8), which is
well-approximated as:

P (ĉ = c) ¥
1

1 ≠ NLe≠sNRe≠sK
2

. [2]

The second term is approximately the probability of false
positives if there are NL odorants in the environment.

These relations provide an intuitive understanding of the
decoding process. For correct decoding the probability of
false positives should be low. So, the term in the exponent of
Eq. 1 should be large, i.e., sNR should be large and sK small.
This makes sense. sNR is the average number of receptors
that an odorant binds to. If the odorant does not bind to
any receptor, then its concentration can not be estimated.
Thus, sNR should be large so that there are many receptors
whose non-response can provide evidence of the absence of
an odorant. Also, for successful decoding, su�ciently many
receptors must be inactive to eliminate all odorants that are
absent. For this to happen, the probability that any particular
receptor responds to at least one of the K odorants in the
mixture should be small. This probability is approximately
sK when the likelihood s that a given odorant binds to a given
receptor is small, and so we require that sK < 1.

The conditions sNR > 1 and sK < 1 will be necessary for
any receptor response model and its decoder. This is because,
in general, if an odorant does not bind to any receptor its
concentration cannot be estimated, while the process of con-
verting an under-determined problem into a well determined
one is going to require su�ciently many inactive receptors. Put
otherwise, for a fixed number of receptors NR, odorants in the
environment NL, and odor component complexity K, receptor
sensitivity should be su�ciently high to ensure coverage of
odorants, but small enough to avoid false positives.

These considerations compare well with the observed sensi-
tivity of olfactory receptor responses to odorants (s ≥ 14% for
Drosophila (28), s ≥ 4% for humans (10)). Thus, for typical
values ({NL, K, NR, s} = {104, 10, 500, 0.05}), the estimated
probability of false positives is low (P (ĉi = 1|ci = 0) ≥ 10≠7;
Eq. 1) and the probability of correct estimate is high (P (ĉ =
c) ≥ 0.998; Eq. 2). These estimates suggested that our pro-
posed decoding scheme will be e�ective at decoding complex
odors in the biologically relevant regime.

We numerically estimated the accuracy of our decoding
scheme. First, we randomly chose the elements of a sensitiv-
ity matrix so that they are non-zero with probability s, i.e.
(P (Sij > 0) = s). Fig. 1c shows the probability of a correct es-
timate (P (ĉ = c)) as a function of the number receptors (NR)
for odors that contain on average K = 10 odorants drawn from
NL = 10000 possibilities. When the number of receptors NR
is too low, the probability of correct decoding is zero. As the
number of receptors increases, there is a transition to a region
where recovery is nearly perfect, with probability approaching
1. The transition is sharp and occurs at NR much smaller than
the number of possible odorants (NL). Over a wide range of
odor complexities (K) and numbers of responsive receptors
(s ú NR), our decoding scheme shows excellent performance
(P (ĉ = c) ¥ 1) (Fig. 1d). Our analytical expression for the
probability of correct decoding (SI Eq. S8) gives a good de-
scription of the numerical results, and an excellent estimate
of the transition point between poor and excellent decoding
(solid lines in Fig. 1c,d; and SI Fig. S1).

Decoder of odor composition – low noise. If noise is low, or
integration times are long, the activity of a receptor is more
appropriately represented by a numerical continuum, along
with the odorant concentrations (ci), receptor sensitivities
(Sij), and receptor responses (Rj). In this case, the decoder
can be modified to estimate not just which odorants are present
in the mixture, but also their concentrations. While the details
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active only if an odorant that binds to it is present at high concentration. In this regime,
the odorant concentration and receptor response can be represented as binary vectors.
Odorants that are present in the mixture and receptors that are active are depicted
as filled blue squares. The elements of the sensing matrix provide information about
receptor-odorant interactions. A filled blue matrix element indicates an odorant that
binds to a receptor. (a) Encoding: A receptor is active if the odor mixture contains at
least one odorant that binds to the receptor. Otherwise the receptor is inactive. (b)
Decoding: (Step 1) First, odorants that are absent from the mixture are identified by
using receptors that are inactive, (Step 2) All remaining odorants are considered to be
present in the odor. (c) The probability of correct decoding (P (ĉ = c)) plotted as a
function of the number of receptors (NR). Markers are numerical simulations, smooth
curve is the approximate analytical result (Eq. S8). P (ĉ = c) was measured as the
fraction of correct decodings over 1000 trials, each conducted with a random choice
of odor mixture and sensitivity matrix (see SI). Mean and error bar (±1 standard
deviation) were computed over 10 replicate simulations, each with 1000 trials. (d)
P (ĉ = c) plotted as a function of the average number of odorants present in the odor
mixture (K) and the average number of receptors responding to an odorant (s ú NR),
with the number of receptors (NR) and the number of odorants (NL) held fixed. We
are plotting P (ĉ = c) as a function of the product s ú NR, since the parameters s
and NR always appear in this combination (in Eq. 2 and Eq. S8). s ú NR, which is
the average number of receptor a typical odorant binds to, determines whether the
odorant can be detected or not. P (ĉ = c) was calculated numerically over 10000
trials, each with a random choice of odor mixture and sensitivity matrix. The smooth
curve in white denotes an approximate boundary of the transition region of P (ĉ = c)

estimated by setting the analytical expression Eq. 2 to half.
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decoded concentration ĉj will not be set to zero.

However, false positives are possible. This is because an
odorant could be absent, while all receptors that bind to it
have a non-zero response because of other odorants present
in the mixture. Thus, through lack of evidence, ĉj will be
set to 1. We can derive an approximate expression for the
probability of false positives (see SI: Binary decoder):

P (ĉi = 1|ci = 0) ¥ e≠sNRe≠sK

. [1]

We can also derive an expression for the probability of correct
estimation assuming that each odorant can be estimated inde-
pendently of the others (SI: Binary decoder Eq. S8), which is
well-approximated as:
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The second term is approximately the probability of false
positives if there are NL odorants in the environment.

These relations provide an intuitive understanding of the
decoding process. For correct decoding the probability of
false positives should be low. So, the term in the exponent of
Eq. 1 should be large, i.e., sNR should be large and sK small.
This makes sense. sNR is the average number of receptors
that an odorant binds to. If the odorant does not bind to
any receptor, then its concentration can not be estimated.
Thus, sNR should be large so that there are many receptors
whose non-response can provide evidence of the absence of
an odorant. Also, for successful decoding, su�ciently many
receptors must be inactive to eliminate all odorants that are
absent. For this to happen, the probability that any particular
receptor responds to at least one of the K odorants in the
mixture should be small. This probability is approximately
sK when the likelihood s that a given odorant binds to a given
receptor is small, and so we require that sK < 1.

The conditions sNR > 1 and sK < 1 will be necessary for
any receptor response model and its decoder. This is because,
in general, if an odorant does not bind to any receptor its
concentration cannot be estimated, while the process of con-
verting an under-determined problem into a well determined
one is going to require su�ciently many inactive receptors. Put
otherwise, for a fixed number of receptors NR, odorants in the
environment NL, and odor component complexity K, receptor
sensitivity should be su�ciently high to ensure coverage of
odorants, but small enough to avoid false positives.

These considerations compare well with the observed sensi-
tivity of olfactory receptor responses to odorants (s ≥ 14% for
Drosophila (28), s ≥ 4% for humans (10)). Thus, for typical
values ({NL, K, NR, s} = {104, 10, 500, 0.05}), the estimated
probability of false positives is low (P (ĉi = 1|ci = 0) ≥ 10≠7;
Eq. 1) and the probability of correct estimate is high (P (ĉ =
c) ≥ 0.998; Eq. 2). These estimates suggested that our pro-
posed decoding scheme will be e�ective at decoding complex
odors in the biologically relevant regime.

We numerically estimated the accuracy of our decoding
scheme. First, we randomly chose the elements of a sensitiv-
ity matrix so that they are non-zero with probability s, i.e.
(P (Sij > 0) = s). Fig. 1c shows the probability of a correct es-
timate (P (ĉ = c)) as a function of the number receptors (NR)
for odors that contain on average K = 10 odorants drawn from
NL = 10000 possibilities. When the number of receptors NR
is too low, the probability of correct decoding is zero. As the
number of receptors increases, there is a transition to a region
where recovery is nearly perfect, with probability approaching
1. The transition is sharp and occurs at NR much smaller than
the number of possible odorants (NL). Over a wide range of
odor complexities (K) and numbers of responsive receptors
(s ú NR), our decoding scheme shows excellent performance
(P (ĉ = c) ¥ 1) (Fig. 1d). Our analytical expression for the
probability of correct decoding (SI Eq. S8) gives a good de-
scription of the numerical results, and an excellent estimate
of the transition point between poor and excellent decoding
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integration times are long, the activity of a receptor is more
appropriately represented by a numerical continuum, along
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(Sij), and receptor responses (Rj). In this case, the decoder
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K = no. of odorants in an odor mixture
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Estimation by elimination: continuous receptors

• At low noise, receptors have continuous response rates

• Identify inactive receptors.  Eliminate odors that bind to them. 
All other odors are present.

• Invert the now (over)-determined nonlinear response function 
equations to determine the concentrations of odorants:
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Fig. 2. Continuous response model: (a) Encoding: Color saturation levels represent concentrations of odorants. Colors in the sensing matrix represent receptor
binding affinity to the corresponding odorant. Receptor activity is represented by colors, white = inactive. (b) Decoding (Step 1 Elimination): Silent receptors are used to
eliminate absent odorants, reducing an initially under-determined problem to a well-defined one. (Step 2 Estimation): Concentration of the remaining odorants can be estimated
from responses of the remaining receptors. (c) Same as Fig. 1(c), now for the continuous decoder. The free parameter (“) in the analytical formula (Eq. 4) was chosen to
minimize mean squared error between the probability obtained numerically and the formula. (d) P (ĉ = c) plotted as a function of number of odorants in the odor mixture (K)
and s ú NR at fixed NR. P (ĉ = c) was calculated numerically over 1000 trials, each with a random choice of odor mixture and sensitivity matrix. The smooth curve in white
is the approximate boundary of the perfect decoding region, estimated by setting Eq. 4 to 0.5 (“ = 3). (e) Error in concentration estimates, defined as Euclidean distance
between actual and estimated odor concentration divided by the number of odorants ((||ĉ ≠ c||2/K)), plotted as a function of number of odorants (K) and s ú NR at fixed
NR. The error is small even when recovery is not perfect. Other measures of error lead to similar results (SI Fig. S3: Other measures of estimation error).

of the decoding scheme depend on the encoding mechanism
of the receptor, the main principle remains the same. First,
inactive (below threshold) receptors are used to eliminate some
odorants. Then, the active receptors are used to estimate the
remaining concentrations.

Receptor responses can be realistically described by a com-
petitive binding (CB) model in which odorant molecules com-
pete to occupy the receptor binding site (24). The receptor
response to a mixture of odorants with concentrations ci is
given by a Hill-type function (24–27):

R =
qNL

j=1 xj1
1 + d ú

qNL
j=1 xj

2 . [3]

Here xj = Sijcj and d parameterizes the a�nity of odorants for
the receptor. The CB model approximates to the binary model
when (d æ Œ) and to the commonly used linear response
model when d æ 0 (35–38).

As discussed earlier, the binary decoder works because an
inactive receptor implies that all odorants that can bind to
this receptor are absent. The concentrations of such odorants
are set to zero, while concentrations of the remaining of the
odorants are set to 1. Thus the success of the binary decoder
depends on ensuring that for every odorant that is absent,
there is at least one receptor that does not respond. In the
continuous case, a weaker condition is su�cient. The starting
point is an under-determined identification problem because
the number of possible odorants exceeds the number of recep-
tors (NL > NR). In the first step, we eliminate odorants that
bind to receptors with below-threshold responses. This leaves

ÑR active receptors responding to ÑL candidate odorants. If
ÑL Æ ÑR the problem is now over-determined and can be
solved (Fig. 2), even if all the absent odorants have not been
eliminated. Specifically, the odor encoding functions (eq. 3)
give a set of coupled equations that relate the ÑL odorant
concentrations to the ÑR receptor responses. These equations
can be inverted to get the unknown concentrations.

Our decoder will not eliminate any of the K odorants that
are present in a mixture because all of them will evoke re-
sponses. To estimate the number of false positives from the re-
maining NL ≠K odorants, let s be the probability that a given
receptor is sensitive to a given odorant (P (Sij > 0) = s). Then,
the number of active receptors will be about ÑR ≥ sKNR
while the number of inactive receptors will be approximately
(1 ≠ sK)NR. The first inactive receptor eliminates approxi-
mately a fraction s of the remaining NL ≠ K odorants. The
second inactive receptor removes roughly another fraction s
of the remaining (1 ≠ s)(NL ≠ K) odorants. Summing over
these eliminations for all (1 ≠ sK)NR inactive receptors leaves
a total of ÑL ≥ K + (NL ≠ K)(1 ≠ s)NR(1≠sK)≠1 odorants
under consideration. Typical parameters {NL, K, NR, s} =
{104, 10, 500, 0.05} give ÑL ≥ K = 10 which is less than
ÑR ≥ sKNR = 250, showing that in the biologically relevant
regime our elimination algorithm leads to an over-determined
and hence solvable identification problem.

We can derive an approximate analytical expression for
the probability of correct estimation (SI: Continuous decoder).
This derivation assumes that the typical number of receptors
that respond to a mixture is larger than the average odor
complexity (ÑR > K), while, at the same time, enough recep-
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Prob. of correct 
decoding

K = odor complexity
sNR = number of active receptors

Estimation by elimination: continuous receptors

• Excellent decoding with a realistic 
number of receptors and sparsity

• Analytical theory is a good 
approximation

• Optimal sNR is ~10 (humans 0.04 x 
300 ~ 12;  Drosophila 0.15 x 60 ~ 9)

• There is a sharp transition from 
excellent to poor decoding at 
around the complexity of natural 
odors (~50 components)

• Perhaps this explains the “operating 
point” for all animals: a few hundred 
receptor types; sparsity in the 5-15% 
reange
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Experimental tests?
• Insight:  A receptor that does not 

respond carries a lot more 
information than one that does.

• Prediction: an inactive receptor 
should eliminate all odors that 
bind to it.

• Test: optogenetic or 
pharmacological suppression of 
glomeruli.  Animal should behave 
as if some odorants are absent 
even if they bind to other 
receptors.

• Prediction: how max complexity 
of decodable odors depends on 
number of receptors and sparsity

• Test: compare behavior across 
species

K = odor complexity
sNR = number of active receptors
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Becoming what you smell

• The nose becomes a 
representation of the world 

• Compressive combinatorial 
sensing

• Adaptive changes in the 
olfactory receptor repertoire

• Decoding complex odors

of axon. This was not an inconsequential agreement, given his
ability to see more clearly than Golgi the presence of axons in
his preparations of younger animals observed with heavier
impregnation (see DeFelipe and Jones, 1988). Among new fin-
dings, he revealed that the granule cell dendrites were liber-

ally endowedwith small outcroppings which he called spines,
in analogy with the same structures he had seen on Purkinje
cells in the cerebellum.

In the absence of an axon arising from the granule cell,
Cajal, in a subsequent study by his student Blanes (1897),

Fig. 1 – Original drawing by Camillo Golgi of the nerve cells of the olfactory bulb as visualized by his Golgi method. The granule
cells are the multiple small cells with radial processes oriented upward in layer C. (Golgi, 1875 ). We thank P. Mazzarello for
this image.
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The End


