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Metallic Behavior
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𝐿𝐿 ≈ 100 nm
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Density
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Metal-Insulator Transition
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Electrons in bulk Si: Bloch states

Lattice potential:
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Electrons in bulk Si: Bloch states
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Si conduction-band edge
6 equivalent minima

kµ (µ = 1,2,…,6) =

(0,0,±k0); (0, ±k0,0); (±k0,0,0)

k0= 0.85 • 2π/a

Reciprocal
space

Planewave-like part
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Arbitrary phases
Periodic part ⇒ pinned to the lattice 

Eigenfunctions: 6 Bloch states:
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Hydrogenic model for P donors in Si
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Single substitutional donor at R0
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Kohn-Luttinger electronic ground state 
A1 symmetry ⇒non-degenerate
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ENVELOPE FUNCTIONS (variational):
deformed 1S hydrogenic orbitals centered at donor site*

PLANE WAVES  interference!

perturbation potential:
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Bound electron ground state 
electronic charge distribution

Koiller, Capaz, Hu & Das Sarma
PRB 70, 115207 (2004)

PLANE WAVES  interference
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Hopping Hubbard Direct

Extended Hubbard-Kanamori Hamiltonian

On-site

𝐻𝐻 = �
𝑖𝑖,𝜎𝜎

𝜖𝜖𝑖𝑖𝑛𝑛𝑖𝑖,𝜎𝜎 + �
𝑖𝑖,𝑗𝑗

𝑡𝑡𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖+𝑐𝑐𝑗𝑗 + �
𝑖𝑖

𝑈𝑈𝑖𝑖𝑛𝑛𝑖𝑖,𝜎𝜎𝑛𝑛𝑖𝑖,�𝜎𝜎 + �
𝑖𝑖,𝑗𝑗 ,𝜎𝜎,𝜎𝜎′

𝑉𝑉𝑖𝑖𝑖𝑖𝑛𝑛𝑖𝑖,𝜎𝜎𝑛𝑛𝑗𝑗,𝜎𝜎′

Hamiltonian – Chain of donors

Electron-electron  interaction terms
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Ground State (𝐴𝐴1 Symmetry): 𝜓𝜓𝐴𝐴1 𝒓𝒓 − 𝑹𝑹𝑖𝑖 =
1
6
�
𝜇𝜇

𝜙𝜙𝜇𝜇

Linear Combination of Dopant Orbitals (LCDO) at impurity sites. 

*For simplicity, we assume isotropic s-like envelopes.

Single electron terms



Lyapunov Exponents (𝛾𝛾𝑝𝑝)

Localization Length

Single Electron Approach

𝜉𝜉 = 𝛾𝛾0−1 (Minimum Lyapunov Exponent)
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Localization Length (𝜉𝜉) definition: Ψ x → ∞ ~ 𝑒𝑒−
𝑥𝑥
𝜉𝜉

Transfer Matrix TechniqueTechnical Procedure:

Transfer Matrix 



Localization Properties – 1D Disordered Chain

Monoelectronic Hamiltonian: 

𝑡𝑡𝑖𝑖𝑖𝑖 ≈ 𝑗𝑗 �𝐻𝐻𝑖𝑖 𝑖𝑖 = 𝐸𝐸0𝐷𝐷𝑆𝑆 𝑅𝑅, 𝑎𝑎𝑐𝑐𝑐𝑐

Fast hopping estimate preserving physical insight!

𝑆𝑆 𝑅𝑅, 𝑎𝑎𝑐𝑐𝑐𝑐 = 𝑗𝑗 𝑖𝑖 → Wave-function Overlap (nearest neighbors)

𝐸𝐸0𝐷𝐷 → Single electron energy (onsite energy) in a single donor D 
(P, As, Sb, Bi)—Experimentally known with great accuracy.)

𝐻𝐻 = �
𝑖𝑖,𝜎𝜎

𝜖𝜖𝑖𝑖𝑛𝑛𝑖𝑖,𝜎𝜎 + �
𝑖𝑖,𝑗𝑗 ,𝜎𝜎

𝑡𝑡𝑖𝑖𝑖𝑖,𝜎𝜎𝑐𝑐𝑖𝑖,𝜎𝜎+ 𝑐𝑐𝑗𝑗,𝜎𝜎

Standard tight-binding procedure:

𝜖𝜖𝑖𝑖 ≈ 𝑖𝑖 �𝐻𝐻𝑖𝑖 𝑖𝑖 = 𝐸𝐸0𝐷𝐷
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Unavoidable positioning disorder

Off-Diagonal Disorder model

Nearest neighbor hopping  Two models.



• Single-valley model [no plane-waves components].

𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 = 𝐸𝐸0𝑒𝑒
− 𝑅𝑅
𝑎𝑎𝑐𝑐𝑐𝑐 1 +

𝑅𝑅
𝑎𝑎𝑐𝑐𝑐𝑐

+
𝑅𝑅2

3𝑎𝑎𝑐𝑐𝑐𝑐2
𝑅𝑅 = 𝑅𝑅

• Multi-valley model.

𝑡𝑡𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚 = 𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠
1
3 cos(𝑘𝑘0𝑅𝑅𝑥𝑥) + cos(𝑘𝑘0𝑅𝑅𝑦𝑦) + cos(𝑘𝑘0𝑅𝑅𝑧𝑧)

Two Hopping Models 
Explore relevance of valleys plane wave components [ 𝑒𝑒 �𝑖𝑖𝑘𝑘𝜇𝜇⋅(𝑟𝑟 −𝑅𝑅𝑖𝑖 ] 
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𝑹𝑹 = 𝑹𝑹𝒋𝒋 − 𝑹𝑹𝒊𝒊
𝒊𝒊

𝒋𝒋

cos terms come from valleys plane-waves interference.

Given the relative position vectors, both models lead to off-diagonal disordered H, 
with specific values for the hoppings. Fixed bound disorder distributions.



[110]

Disorder: uncertainty radius 𝜹𝜹

3D disorder  𝜹𝜹 Sphere radius 

2D disorder  𝜹𝜹 Disk radius 
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One donor in one of the substitutional sites within each  sphere or 
disk centered at each target site with equal probability.



Decay Length (𝜉𝜉) definition: Ψ ~ 𝑒𝑒−
𝑥𝑥
𝜉𝜉

L
System Length

𝜉𝜉

Electronic transport regime
Localized Regime

(Anderson Insulator)

𝜉𝜉 generalized localization length for finite chains.

Criterion for electronic transport in finite chains 

Ensembles of ~10,000 Chains

𝜉𝜉 𝛿𝛿,𝑅𝑅0 is calculated for each disorder realization  
 Ensemble averages  are performed
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Ensemble of Chains with fixed
• 𝛿𝛿
• 𝑅𝑅0
• Hopping Model (SV or MV)
• Disorder Model (2D or 3D)



Maximum size of conductive chain
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Λ 𝛿𝛿,𝑅𝑅0 ⇒ Upper limit of a chain
lenght that sustains electronic

transport. 

𝐿𝐿 < Λ ⟹ 𝜉𝜉(𝐸𝐸) > 𝐿𝐿 ⟹ conductive

…  ensemble average.  The figure is for a fixed 𝛿𝛿,
𝐸𝐸 = 𝐸𝐸0 (band center) 

and several values of 𝑅𝑅0:

𝜉𝜉(𝐸𝐸0) > 𝐿𝐿 below each curve



𝐿𝐿 ≈ 100 nmMetallic Behavior
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Maximum size of conductive chain

The figure is for a fixed 𝛿𝛿,
𝐸𝐸 = 𝐸𝐸0 (band center) 

and several values of 𝑅𝑅0:

𝜉𝜉(𝐸𝐸0) > 𝐿𝐿 below each curve
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Maximum size of conductive chain:

Non-monotonic fluctuations – Why?

Hopping 𝑡𝑡 :
- larger absolute values  favor transport;
- broad distribution of values (disorder) 

 hinder transport.

Empirical “Figure of Merit”: 

𝑄𝑄 ∝
〈 𝑡𝑡 〉
𝜎𝜎 𝑡𝑡

The figure is for a fixed 𝛿𝛿,
𝐸𝐸 = 𝐸𝐸0 (band center) 

and several values of 𝑅𝑅0:

𝜉𝜉(𝐸𝐸0) > 𝐿𝐿 below each curve
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Maximum size of conductive chain:

Non-monotonic fluctuations – Why?

Hopping 𝑡𝑡 :
- larger absolute values  favor transport;
- broad distribution of values (disorder) 

 hinder transport.

Empirical “Figure of Merit”: 

𝑄𝑄 ∝
〈 𝑡𝑡 〉
𝜎𝜎 𝑡𝑡



Conduction trends diagrams

Fraction of conducting states all energies

ℱ = �𝐷𝐷𝐷𝐷𝐷𝐷 𝐸𝐸 𝜉𝜉 𝐸𝐸 𝜃𝜃( 𝜉𝜉 𝐸𝐸 − 𝐿𝐿) 𝑑𝑑𝑑𝑑
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18Conduction trends diagrams



Conclusions – Localization

• Electronic transport possible for fairly diluted 1D chains in size comparable with 
experimental results 𝐿𝐿 ≈ 100 nm .

• This behavior is expected to be enhanced for chains with smaller disorder radius 
and if restricted to a plan (2D disorder).

• Possibility of control by design of electronic transport.
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Configuration Interaction

Direct Diagonalization

Many-Body: complete extended Hubbard Hamiltonian  
(no disorder)

Magnetic Properties?
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Substitutional Donors array  (D) in Si
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D

n-1 n 1 2

Si

Donor Chain

......

Periodic Image Periodic Image

R

n-1 n 1 2

  
<110>Example:

Periodic Boundary Conditions



1D ordered Chain
Extended Hubbard Hamiltonian. 

Parameters:
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𝐻𝐻 = �
𝑖𝑖,𝜎𝜎

𝜺𝜺𝒊𝒊𝑛𝑛𝑖𝑖,𝜎𝜎 + �
𝑖𝑖,𝑗𝑗 ,𝜎𝜎

𝒕𝒕𝒊𝒊𝒊𝒊,𝝈𝝈𝑐𝑐𝑖𝑖,𝜎𝜎+ 𝑐𝑐𝑗𝑗,𝜎𝜎

+�
𝑖𝑖,𝜎𝜎

𝑼𝑼𝒊𝒊𝑛𝑛𝑖𝑖,𝜎𝜎𝑛𝑛𝑖𝑖,�𝜎𝜎 + �
𝑖𝑖,𝑗𝑗 ,𝜎𝜎,𝜎𝜎′

𝑽𝑽𝒊𝒊𝒊𝒊𝑛𝑛𝑖𝑖,𝜎𝜎𝑛𝑛𝑗𝑗,𝜎𝜎′

𝜖𝜖𝑖𝑖 , 𝑡𝑡𝑖𝑖𝑖𝑖 ,𝑈𝑈𝑖𝑖 and 𝑉𝑉𝑖𝑖 are all obtained analytically



Spin-Spin Correlations – 1D  𝑁𝑁-sites Chain

𝑆𝑆𝑖𝑖𝑧𝑧𝑆𝑆𝑗𝑗𝑧𝑧 =
1
4
𝑐𝑐𝑖𝑖,↑
+ 𝑐𝑐𝑖𝑖,↑ − 𝑐𝑐𝑖𝑖,↓

+ 𝑐𝑐𝑖𝑖,↓ 𝑐𝑐𝑗𝑗,↑
+ 𝑐𝑐𝑗𝑗,↑ − 𝑐𝑐𝑗𝑗,↓

+ 𝑐𝑐𝑗𝑗,↓

𝑆𝑆𝑖𝑖𝑧𝑧 =
1
2
𝑐𝑐𝑖𝑖,↑
+ 𝑐𝑐𝑖𝑖,↑ − 𝑐𝑐𝑖𝑖,↓

+ 𝑐𝑐𝑖𝑖,↓
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In 1D and 𝑁𝑁 → ∞ there is no magnetic order for 𝑇𝑇 ≠ 0!

We consider here finite size chains (not in the thermodynamic limit).



A) Single valley – Electron-electron interactions

Results for 8 electrons – 8 sites
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B) Multivalley – Electron-electron interactions
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AF behavior for T=0K



B) Multivalley – Electron-electron interactions – Temperature effects
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B) Multivalley – Electron-electron interactions – Temperature effects
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• Finite Samples show non-zero spin-spin 
antiferromagnetic-like correlation.

• The MV hopping opens possibility for systems with 
magnetic properties chosen by design, even around 

T=4K.

• A Hubbard lab?
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Thank you!
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